ON THE REGULATOR OF FERMAT MOTIVES AND GENERALIZED 
HYPERGEOMETRIC FUNCTIONS 



NORIYUKI OTSUBO 

ABSTRACT. We calculate the Beilinson regulators of motives associated to Fermat curves 
and express them by special values of generalized hypergeometric functions. As a result, 
we obtain surjectivity results of the regulator, which support the Beilinson conjecture on 
special values of L-functions. 



1. Introduction 

Fermat varieties have been touchstones for various conjectures in number theory and al- 
gebraic geometry. For example, they have provided evidences for the conjectures of Weil, 
Hasse-Weil, Hodge, Tate, Bloch, etc. Another most fascinating conjecture is the Beilinson 
conjecture [3 1 on special values of the L-functions of motives over number fields. It inte- 
grates former conjectures of Tate, Birch-Swinnerton-Dyer, Bloch and Deligne, and gives 
us a beautiful perspective on the mysterious but strong connections between the analysis 
(i-function) and the geometry (cohomology) of motives. Unfortunately, we have only lim- 
ited results on the conjecture and no general approach seems to be known. The aim of this 
paper is to study the conjecture for motives associated to Fermat curves. 

To an algebraic variety, or more generally to a motive M over a number field, its L- 
function L(M, s) is defined by a Dirichlet series convergent on a complex right half plane. 
Conjecturally in general, it has an analytic continuation to the whole complex plane and 
satisfies a functional equation with respect to s <-> 1 — s. The Beilinson conjecture ex- 
plains the behavior of the L-function at an integer in terms of the regulator map, that is, a 
canonical map 

r & : H^(M,Q(r)) z — > #£(M R ,R(r)) 

from the integral part of the motivic cohomology to the real Deligne cohomology (see §4 
for definitions). The conjecture asserts, under an assumption on r, firstly that rag Cg)Q R is 
an isomorphism, which implies by the functional equation that 

dim Qj fT>(M,Q(r)) z = ord s=1 _ r L(A/ V , a), 

where M v is the dual motive. For an integer n, let L* (M, n) denote the first non-vanishing 
Taylor coefficient of L(M, s) at s = n. Then the second assertion is that 

det(r@) = L*{M y ,l-r) 

in R*/Q*, where the determinant is taken with respect to a canonical Q-structure on the 
Deligne cohomology. 

For example, if M = M v = Spec k, the spectrum of a number field, then L(M, s) is 
the Dedekind zeta function Cfc( s )- The regulator map for r = 1 is the classical regulator 
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map 

@i ®% q — ► Yl K 

v\oc 

given by the logarithms of the absolute values for infinite places v. In fact, to obtain the 
isomorphism in this case, we need to add Q on the left-hand side which maps diagonally. 
Then the conjecture reduces to the classical unit theorem of Dirichlet and the class number 
formula. The generalization to all r > 1 is due to Borel. 

Let Xn be the Fermat curve of degree N over a number field k defined by the homoge- 
neous equation 

The regulator map we study is: 

r & : H^(X N ,Q(2)) Z — » H%{X N ^ E(2)). 

According to the conjecture, the dimension of the motivic cohomology group is [k : Q] 
times genus(Ajv) = (N — 1)(N — 2)/2. An element of the motivic cohomology group is 
given by a Milnor ^-symbol on the function field. In [27], Ross showed that the regulator 
image of the element 

e N = {1 - x, 1 - y} £ H^(X N , Q(2)) Z) 

where x — xo/zo, y — yo/zg are the affine coordinates, is non-trivial. There are also 
relevant studies of Ross [26 1 and Kimura |[T8l (see §4.10, §4.12). 

The corresponding L-function is L(h 1 (XN), s) at s = (or at s = 2 by the functional 
equation). Suppose for simplicity that k contains /xjv, the group of iV-th roots of unity. 
As was proved by Weil |[37l . Il38l . the i-function decomposes into the Jacobi-sum Hecke 
i-functions (see §3.5) as 

L(h\X N ),s)= J] L(j%\s) 

(a,b)eI N 

where In — {(a,b) \ a,b £ Z/A^Z, a,b,a + b ^ 0}, hence satisfies all the desired analytic 
properties. 

In the study of Fermat varieties, the decomposition in the category of motives with 
coefficients is extremely useful. The terminology "Fermat motive" appeared in Shioda's 
paper [33|, although the idea goes back to the paper of Weil [38] (see §3.7). When /ijjCfc, 
the group /i^r x /xjv acts on X^ and using this action, we have a decomposition 

h 1 (X N )= X a N b 

(a,b)eI N 

in the category ^k,Q(p N ) of motives over k with coefficients in Q(hn) ( see §2-8), which 
corresponds to the above decomposition of the L-function (Theorem |3.9t . 
By projecting ejv, we obtain an element 

ef£H^{xf,q)z 

for each (a, b) £ Our main result Theorem 14. 141 calculates the image of e^ fc under 
each u-component r® )t) of r@, where v is an infinite place of k. Define a hypergeometric 
function of two variables by 

(a + p + 1, m + n) 

m,n>0 
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where (a, m) — a(a + 1) • • • (a + m — 1) is the Pochhammer symbol. This is a special 
case of Appell's F3, one of his four hypergeometric functions of two variables [1 1. Then 
the regulator is expressed by special values 

r{a + fi + 1) 

for a, € jtZ, at the point (x,y) = (1,1) which lies on the boundary of the domain of 
convergence. Notice that the period of X^ b is essentially the Beta value B(jj, Jr), whose 
inverse is related to a value of Gauss' hypergeometric function as 

F(a, /}, a + + 1; 1) = ^-B{a, py 1 . 

The value F(a, (3) can also be written by the value at x = 1 of Barnes' generalized hyper- 
geometric function 3F2 of one variable (see §4.10). We shall show the non-vanishing 
°f TSi^ie"^) by using the integral representation of F3 (see §4.9). Since each target 
H@(Xx v , 18.(2)) is one-dimensional, we obtain the surjectivity of r@ tV for each X^ b , 
hence for Xjv (Corollary |4.151 l. 

For a general number field k not necessarily containing fi^, we also have a motivic 
decomposition 

[0,6]* 

where [a, b]k is the orbit of (a, b) by the action of Gal(fc(/ijv)/fe) C (Z/JVZ)*. The study 
of X^' b ^ k is essentially the same as that of X^ b and we can also derive results for X^' b ^ k . 

If N = 3, 4, 6 and fc C Q(/i/v), then there is only one infinite place and we obtain the 
surjectivity of the whole (Corollary 14. 17) . In general, however, we do not have enough 
elements for the Beilinson conjecture. An attempt is to use the action of the symmetric 
group of degree 3 acting on Xm as permutations of the coordinates. In this way, we obtain 
at most 3 elements from each e^ b , and we shall show that they are actually enough for the 
surjectivity of the whole if N — 5, 7 and k C Q(/xjv), with a restriction on (a, b) when 
N = 7 (Theorem l433l Proposition l436l l. 

This paper is constructed as follows. In §2, we first recall briefly the necessary materials 
on motives and fix our notations. Then we define motives X^f, X^' b ^ k associated to Fer- 
mat curves and study the relations among them. In §3, after recalling the definition of the 
i-function of a motive with coefficients, we calculate the i-functions of our motives and 
derive basic properties. At the end, we compare our L-functions with the Artin L-functions 
of Weil. Finally in §4, we first recall the Beilinson regulator and the Beilinson conjecture 
for motives with coefficients. Then we define elements in the motivic cohomology groups 
and study the Deligne cohomology groups of our motives. The main results are stated in 
§4.7 and proved in §4.8, §4.9 after introducing Appell's hypergeometric function. In §4. 10, 
we introduce Barnes' hypergeometric function and discuss some variants. At the end, we 
calculate the action of the symmetric group and give applications for N = 5 and 7. 

A part of this work was done when the author was visiting l'lnstitut de Mathematiques 
de Jussieu from 2004 to 2006, supported by the JSPS Postdoctoral Fellowships for Re- 
search Abroad. I would like to thank them for their hospitality and support. I would like to 
thank sincerely Bruno Kahn for his hospitality and enlightening discussions. Finally, I am 
grateful to Seidai Yasuda for valuable discussions. 
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2. Fermat Motives 

2.1. Motives. We recall briefly the definition of the category of pure motives modulo ra- 
tional equivalences ("Chow motives")- For more details, see [29 1 and its references. 

For a field k, let f% be the category of smooth projective fc-schemes. For l£fi and a 
non-negative integer n, let CH n (X) (resp. CH n (X)) be the Chow group of codimension- 
n (resp. dimension-rt) algebraic cycles on X modulo rational equivalences. For example, 
CH 1 ^) is the Picard group. Recall that for a flat (resp. proper) morphism / : X — > Y, 
we have the pull-back (resp. push-forward) map 

/* : CH"(Y) — » CH"(X), /, : CH„(X) — » CH„(Y). 

If / is flat and finite of degree d, we have /* o /* = d. In particular, /* (resp. /*) is 
injective (resp. surjective) modulo torsion. 

For 1,7 6 Yk, the group of correspondences of degree r from X to V is defined by 

Corr r (X } Y) = @ Q <g>z CH dim ^ +r (X, x Y) 

i 

= 0Q®z CH dimy ^ r (lxF 3 ) 

i 

where Xj (resp. Yj) are the irreducible components of X (resp. Y"). For a morphism 
/ : V — ► X, let P/ C X x Y be the transpose of its graph. Then it defines an element of 
Cott°(X, Y). The composition of correspondences 

Corr r (X, Y) ® Corr s (Y, Z) — > Corr r+s {X, Z) 

is defined by 

/ ® g\ — > go f = Wxz*(P T *xy(f) ' P r yz(s))> 
where pr„„ is the projection from X xY x Z to the indicated factors, and • is the intersection 
product. In particular, we have 

r f° r g = r aof- 

The class of the diagonal Ax = -Hd x i s tne identity for the composition. 

The category = ..^k,Q of motives over k with ^-coefficients is defined as follows. 
The objects are triples (X,p,m) where X £ rn £ Z, and p £ Corr°(X,X) is an 
idempotent, that is, p o p = p. The morphisms are defined by 

Honour* ({X,p, m), (Y, q,n))=qo Corr"-™(X, Y) o p. 

We simply write (X,p) instead of 0), and h(X) instead of (X, Ax)- Then, h defines 
a contravariant functor 

h:-T° pp ^JK k ; X^h{X), f^T f . 

For a field extension E of Q, the category ~>#k,E of motives with E-coefficients is defined: 
it has the same objects as ^#fe, and the morphisms 

Hom^ E (M, N) = E ®q Hom^ (M , AT). 

When E C we regard ^k,E as a subcategory of ~^k,E' ■ 

The category ^k,E is an additive iJ-linear category with the direct sum 

(X,p,m) © (Y,q,n) = (X U Y,p © g, m + n), 

and the zero object = h{4>). It is a peudo-abelian category, that is, every projector (i.e. 
/ £ End^. E (M ) such that / o / = f) has an image. For example, 

(X,p) = lm(p: h{X)^h(X)). 
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On ^k,E, there exists a natural tensor product ® such that 

h{X)®h{Y) = h(X x Y). 

The identity for eg) is the M«/f motive 1 = /j(Specfc). The Lefschetz motive is defined by 
L = /i(Spec fe, Z\x, — 1). Then we have 

(X, p, m) ® L® n = (X, p, m - n) . 

For a motive M = (X, p, m) with dim X = d, its d«aZ motive is defined by 

M v = (X, *p, d - m) 

where *p is the transpose of p. For an integer r, the r-th 7a fe fivwf of A/ is defined by 

M(r) = (X,p,m + r) = M ® L® ( ~ r) . 

For a morphism / : X — » F, we have the pull-back 

/* :=r /: /i(y)— 

On the other hand, for irreducible X and Y, we have the push-forward 

/, := */>: /i(X) — ^/i(y)(dimY-dimX). 

Suppose that X, X' ', Y, Y' G % are irreducible, and let / 6 Corr r (X,y). Then, for 
morphisms a : X' — ► X, (3 : Y' —> y, we have 

(2.1) (3*o/o aj = (axj3)7, 
and for morphisms a : X — > X', /3 : y — > y' , we have 

(2.2) & o / o a* = (a x /?)„/. 

If / : X — > y is a finite morphism of degree d, we have /* : h(X) — > h(Y), and the 
formulae d2~lT >. ([23 lead to: 

fo/, = [Ix y I] eEnd(/i(X)) 

and 

/, o /* = d[A r ] e End(ft(y)). 
In particular, /* (resp. /*) is injective (resp. surjective). 

2.2. Motives of curves. In the case of curves, we have the so-called Chow-Kunneth de- 
composition, which is still conjectural in general. 

Let / : X — > Spec k be a smooth irreducible projective curve, and suppose for simplic- 
ity that it has a fc -rational point x. Define correspondences e l <E Corr°(X, X) by 

e° = {x} x X, e 2 = X x {x}, e 1 = A x - e° - e 2 . 

One sees easily that e°, e 2 are idempotents and that e° o e 2 = e 2 o e° = 0, hence e 1 is also 
an idempotent orthogonal to e° and e 2 . The i-th cohomological motive of X defined by 

h\X) = (X,e>). 

By definition, we have a decomposition (depending on the choice of x) 

h(X) ~ h°(X) 8 ^(X) © /i 2 (X). 

Since e° = /* o x*, the map /* : 1 — * h(X) induces an isomorphism 1 h°(X) 
whose inverse is given by x*. Similarly, since e 2 = x* o the map /* : h(X) — ► L 
induces an isomorphism h 2 (X) L whose inverse is given by x*. If X = P 1 , we have 
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2.3. Functorialities. Let K/k be a field extension, and 

fK/k : Specif — >Specfc 
be the structure morphism. Then we have the "scalar extension" functor 

y k ^y K ; X^X K :=Xx k K. 

The pull-back on the Chow group CR*(X x k Y) — > CR*(X K x K Y K ) defines a homo- 
morphism 

Corr r (X, Y) — > Corf{X K ,Y K ); f .— > f K , 
which is injective. Therefore, the above functor extends to a faithful functor 

f*K/k - ^k,E — > ^k,e\ (X,p,m) i — > (X K ,p K ,m) 

On the other hand, for a finite separable extension Kj k, we have Grothendieck's "scalar 
restriction" functor 

y K — » n 

which sends X — > Spec K to the composite 

X\ k := X — > Specif — > Spec A:. 
The push-forward CH*(X x^yj-t CH*(X| fe x fe Yj fc ) defines a homomorphsim 

Corr r (X,F) — Corr r (X| fc , Yj fc ); / — > /, fc 
and induces a functor 

ipK/k*- ^k.e — > ^k,E] (X,p,m) i — ► (X| fe ,p| fe ,m), 
which is left and right adjoint to <p* K j k . 

2.4. Fermat curves. Let A; be a field and N be a positive integer prime to char(fc). Let 
Xn = XN,k be the smooth projective curve over k defined by the homogeneous equation 

(2.3) x$+y»=z?. 

It has genus (N — 1)(N — 2)/2. Define a closed subscheme by 

Z N = X N n {z Q = 0} 

and let Un = Xn — Zn be the open complement. The affine equation is written as 

x N +y N = l (x = x Q /z ,y = y /z ). 
If N' divides N, with N = N'd, we have a fc-morphism 

7Tjv/JV',fe : X N — ► X N ,; (x : y : z ) 1 — ► (^o : J/o : 4) 

which is finite of degree d 2 . It respecs Z», [/*, and etale over {/ at'. On the other hand, for 
a field extention if/fc, we have a canonical morphism 

^N.K/k'- X^,K * -XjV.fc- 

We denote the composition as 

^N/N',K/k : X NjK * Xff',k- 

By the evident relation ~kn> /N" ,K/k ^n/N'.l/k = ^N/N",L/k> me curves X^,k for 
various TV and k form a projective system. 
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2.5. Group actions. Fix an algebraic closure k of k. For N prime to char(fc), put 

K N = k(p N ). 

For each N, fix a primitive N-th root of unity £jv G ^Gv in such a way that (f Id — Cat- 
Define finite groups by 

G N = Z/NZ(£>Z/NZ, H N = (Z/NZ)*. 

Then, Hn acts (from the left) on Gat by the multiplication on both factors and we put 

-Tat = Gat x H^. 

We denote an element (r, s) G Gn also by g r N s , and write the addition multiplicatively, i.e. 

r,s r f ,s' r+r'.s+s' 

Let Hm,u C Hm be the image of the injective homomorphism G&\(K n / k) — ► if at which 
maps cr to the unique element /i such that <7(Cat) = Cn- Finally, define a subgroup of iV 
by 

J~jv,k = Gat X Hx,k- 

Now we define an action of TV.fc on Xn,k n - Throughout this paper, we let groups act 
on schemes from the right, so that they induce right actions on rational points, homology 
groups, etc. and left actions on functions, differential forms, cohomology groups, etc. 

First, let Gat act on Xk n by 

9n S ( x o ■ Vo ■ z ) = (Cn x o ■ CnVo ■ zo)- 

Secondly, the action of H^.k = G&\(Kn /k) on Km induces an action on Spec K m, 
hence, by the base-change, an action on Xn>,k n for any N'. Finally, since the above 
actions satisfy hg = h(g)h for any g G Gat, h G if Ar,fc, they extend to an action of i~jv,fc 
on Xm,k n - Summarizing, we have the following commutative diagram with the indicated 
automorphism groups: 



(2.4) 




,k 



Xx,k >■ Xi.k- 



For N'\N, the canonical surjective homomorphisms 

Gat — * Gap, H^.k — * HN',k, ^~W,fc — * ^V'.fe 
are compatible with the morphisms 

KN/N',K N , ^N,K n /K n ,, ^K n /K n ,,N/N', 

respectively. We shall use the notation 

Gn/n 1 '■— Ker(GAr — > Gap) — Aut(XN t K N /Xn> ,k n )- 
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2.6. Index sets. We say that an element (a, 6) G Gat is primitive if gcd(iV, a, 6) = 1, and 
let G^ lm C Gat be the subset of primitive elements. If we put 

d= gcd(N,a,b), N' = N/d, a' = a/d, b' = b/d, 

then (a 1 , b') e G^, lm . For (a, 6) e Gat, let [a, denote its ii^fe-orbit. Then the map 

Gat/ — ► G N ; (a', 6') h-> ( a 'd, b'd) 

induces bijections 

Gn — [_| G^, im , H N m\Gn — [_| H N ^ k \G^ m . 

N'\N N'\N 

Since it induces a bijection [a', 6']^ ^ [a, we have 

tt[o,6] fc = t[a',b'] k = $H N ,. k = [K N , : k]. 
Define a subset of Gn by 

I N = {(a, b) G G N | a,b,a + b ^ 0} 

and put I N rim = I N n G^ im . Then, /at and 7^ rim are stable under the action of H N>k . 
Note that $I N = (N — l)(N — 2), twice the genus of X N . We have also bijections 

I N ~ □ 7*™, HN,k\lN * U H N ,, k \I%T. 
N'\N N'\N 

2.7. Projectors. For an integer AT, put 

and for each N, fix a primitive AT-th root of unity £at e Q in such a way that £ Nd = ^n- 
Definition 2.1. For (a, b) e Gn, let : Gat — > £7^ be the character defined by 

a a -,b(r,s\ _ ( ar+bs 
°N WV / ?JV 

Any character of Gat is uniquely written in this form. If AT = N'd, a — a'd and b = b'd, 
then 9 a N b is the pull-back of 9 N ', b by the natural homomorphism Gat — ► Gat'. 

Definition 2.2. For (a, b) e Gn, define an element of the group ring E n [Gn] by 

1 

JV2 



Evidently, 



o,6 c,d _ JPa^ if (a, 6) = (c,d), 



otherwise. 



(2.5) P a N=^ PnPn 1 

(a,h)GGjv 

Definition 2.3. For a class [a, b] k e H n ^\Gn, define an element of E n [Gn] by 

c,d 

Pn 



(c,d)e[a,6] fe 

Then we have 



\- Ja,6] fe _ 1 [a.b] k Jc,d] k _ fp l N b]k H [a,b] k = [c, d] k , 

K ' Pn — s -> Pn Pn — \ n 

r „ v ^ otherwise. 



.f>] fc eHiv, fc \G 

It is easy to prove: 
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Lemma 2.4. Let N = N'd. Under the natural homomorphism Em[Gn] — * En[Gn>\, 

/ ' \ a.b 

(i) P N 



■b J P < N' b if( a ,b) = (a'd,b'd) for some (a',V) G Gn' 



I otherwise, 

[a,b]k t > \v [ N' b]k 'fi a > b }k = [a'd,b'd] k for some [a',b% G H N . k \G N >, 

I otherwise. 

Definition 2.5. Let i£jv k be the subfield of En fixed by ifjv fc viewed as a subgroup of 

GaX(E N /®)~H N . 

Extend by linearity the action of ifjv,fc on Gat to the group ring En[Gn] (notice: H^.k 
does not act on En). 

Lemma 2.6. For any (a, b) G Gn and h £ Hn,u, we have: 
to "(Pat ) = -Pjv 

(ii) fc(p& 6] *)=f# 6] \ 

(iii) p^ ,6] * G ^[Gjv]. 

Proof, (i) is easy and (ii) follows from (i). (iii) follows from 

[a,b]k $[ a i b }k ST^ ha,hb tt[ a , b]k 1 V"^ rp //ja.b, -Inn 

□ 



Remark 2.7. In fact, p^ hlfc G E N , ik [G N ] where TV' = gcd(7V, a, b). 
2.8. Fermat motives. As a base point, we choose 

x = (0: 1: 1) G Xjv-O) 

so that it is compatible under the morphisms ttn/N'.k/K' f° r various degrees and base 
fields. 

The action of Gat on Xn.k n induces an action (from the left) on }i(Xn.k n ), and by 
linearity we obtain an _Ejv-algebra homomorphism 

E n [Gn] — > End^ KN:EN (h(X N ,K N ))- 

By abuse of notation, the image of an element of the group ring will be denoted by the 
same letter. For example, we just denote by g instead of g* or F g . 

Definition 2.8. For (a, b) G Gat, define: 

Xn = ( x n,k n ,Pn ) £ -#k 
Then, by (12.5b , we have a decomposition 

h{X N ,K N )^ Xf. 

(a,b)eG N 

Proposition 2.9. We have isomorphisms in ^£k n .e n '- 

(i) X / ~ 1 © L, 

(ii) X^ b ~ if only one of a, b, a + b is 0, 

(iii) Ii^Xn.Kk) si (B(a, b )ei N X N b - 
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Proof. Let / : Xn,k n — > Spec Kn be the structure morphism. For g G Gn, we have 

e o g = r XO f o r g = r gox0 f = r g ^ f, 

the graph of the constant morphism with value g(x). Since 

9 7 n( x ) = (0: Cn- 1) = flft'CaO, 

we obtain 

In particular, we have 

e° " «° - - E ^'(.w) = ^ div (i^i) = 



where (x*, g/i) (i = 1, 2) are the affine coordinates of the i-th component of Xn,k n x 
Xn,k n - Since e 2 o g — e 2 for any g £ Gn, we have 

(2-8) e 2 °^ 6 = ^(E^ (ar+M ) e2 - 

In particular, we have e 2 o = e 2 . Therefore, we have 

1 0,0 f-i 2\ 0,0 

0,0 2 1 j- / Vl ~ U2 \ n 

= ^ " 6 = ^ dlV l(l-^(l-^' = 

hence (i) is proved. 

If a ^ and 6 = 0, then we have 



Since 

V^-Vr^^divf ^-^ Uo, 

^ff^ s does not depend on r, hence we obtain p c N ° = 0. The other cases of (ii) are 
similarly proved. 

Finally, if (a, b) G 1^, then by ( 12.71 ) and ( 12.81 ), we have e° op^ 6 = e 2 = 0, hence 

Ea,b 1 a,b 1 V~"^ a, 6 1 

Pn = e ° 2^ Pn = e ° 2^ Pn = e > 

(a,6)e/jv (a,6)G/ N (a,6)eGjv 

and (iii) follows. □ 

Now, we define Fermat motives over fc. For any E, an element of .EfGjv] fixed by the 
action of H^ k defines a cycle on Xm,k n k x k n Xn,k n defined over k, i.e. in the image 
of 

(ttjv Xk n k n )* : E ® z CR 1 {X N x k X N ) — ► E ® z CH 1 (Xjv,*^ x Kjv X N , Klf ), 
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where ttn — n N ^ KN / k . To make the situation clear, we denote the canonical morphisms 
as: 

(2.9) ^N,K N ><K N Xn.Kn^ *~Xn,K n XkXN,K N 

T*N X K N 7T JV~--^ 

Xn Xfc Xn- 

Note that tin x Kn tt n and n N x k n N are finite morphisms of degree $H N . k and (jifj^ fc , 
respectively. In particular, (ttn Xk n tat)* is injective and its left-inverse is given by 
(i}-ffAr,fc)~ 1 ( 7r A r x k n ttjv)*. Since the intersection product is compatible with the pull- 
back, we obtain an E'-algebra homomorphism 

E[G N ] H »- k -^E® Z CK\X N x k X N )=End^ k:E {h(X N )). 

By Lemma l2~6l (iii). p^' b ^ k defines an element of End^ fc E (/i(Xjy)), which we also 
denote by the same letter. Since 

/ \*/ vy \ a, b \ *■ ha,hb 

{n N x KN TT N ) {n N x Kn ttn)*P n = Pn ) 

h£H Nk 

we have 

, 11m , \ a,b §H N k [ a b} k 

(2.10) (ttjv x Kjv Tr N )*pri = p N . 

V>[ a ,°\k 

Definition 2.10. For [a, b] k G Hn^\Gn, define: 

Then, by (12.61 >. we have a decomposition 

h(X N ) ~ X 



JV 

a:b]fce-H"lv,fc\Gjv 



Proposition 2.11. VVfe have isomorphisms in ^£ k ^E 

( i) xr u -i©L, 

(ii) X^' b ^ k ~ if only one of a, b, a + b is 0, 

ah) ^(x JV )^e [Qib]teHNA/jv xj v a '^. 

Proof. Since 

End^ Bw ^ (/i(Xjv)) — > End^ Kjv , Ejv (M^v,k«)) 

is injective, we can compute e 1 op^' b ' fc in the latter ring. Then the proof reduces to Propo- 
sition^ □ 

Remark 2.12. Since t p a 1 f = Pjv°' _ , we have 

(x a /y = x- a '-\i), (xp b]k y = x^- a '- b] -(i). 

Remark 2.13. We can also define similarly a motive X^'^ for each if^r -orbit [a, b] of 
(a, b) e G N . Then one shows that X [ £ M € J( k . If Gal(K N /k) = H N , e.g. k = Q, then 
j^ja,6] fc _ p or m t e g rs < a, 6 < iV, let C7^ b be the projective smooth curve whose 

affine equation is given by 

v N =u a (l-u) b 
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(it has singularities possibly at u = 0, 1, oo). There exists a morphism 

%/} : X N — > C^ b ; (x, y) i — ► (it, u) = (x N , x a y b ). 

Suppose that N is a prime number and (a, 6) G /at. Then one shows that tp induces an 
isomorphism in Jtk'- 

2.9. Relations among Fermat motives. When (a, 6) is not primitive, our motives X^ b , 
x]^' h ' fc come from motives of lower degree. Let TV = N'd and use the following abbrevi- 
ated notations: 



Xn,k a 



Xn\k n , 



X 



N 



X 



N' 



Consider the homomorphisms on Chow groups with coefficients in Em (resp. EN,k) in- 
duced by the K Ar-morphism (resp. fc-morphism) 



KK N X Kk n ■ Xn,K n x Xn,K n ► Xn^Kn x Xn',Ki, 



resp. 



7Tfe x 7Tfe : Xn x Xn — > Xn> x ^jv • 

Lemma 2.14. Let the notations as above. 

(i) For (a, b) G Gat, we /zave 

/ s a,b jd 2 p a N?K N if{a,b) = (a'd,b'd)forsome(a',b')eG N <, 

{tt Kn x tt Kn )*P n = < , 

I (J otherwise. 

(ii) For (a', 6') G G^/, we /zave (ttr^ x ^K N )*p a N ^ KN = d 2 p a N d - b d . 

(iii) For (a, 6) G Gat, we have 

, x [o,6]», Jd 2 ^/ if[a,b) k = [a'd,b'd) k for some {a 1 ,b') £ G N >, 

(TTfe X 7^)*^ = < _ 

I (J otherwise. 

(iv) For (a', 6') G G N ., we /wve (>* x ir k )*p [ £; b ' ]k = d 2 p^ d ^' d]k . 
Proof. Since the degree of Xn^k n over Xm',k n is ci 2 , we have 

{tt Kn x 7r KAr )*r s ^ = rf 2 ^, 

and (i) follows from Lemma l2~4l (i). On the other hand, (ii) follows easily from 
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Put m = jliJjv,fe/tt[a, b]k- Then, using similar notations as (12.9b . we have: 

/ \ \a.b]i. 

(TTfe X TTk)*p l N 

= m _1 (7r fe x 7r fc )„(7r w x Kn T^N)*p a N 

= m^ 1 (TT N , X I<N , KN>)*{k Kn /K nI XATjv 7T k n /k n ,)*(^k n X ^K N )*P N b 
_ fm- 1 d 2 (TT N , X Kn , %N')*{lTK N /K Nl X K N K KN /K N ,)*p a N '> b KN , 



(0 0. 



Using {-k Kn /k n , Xk n ^k n /k n ,)*P n ^k n = i K N ■ K N ,]p a N ) b , ( 12.10) and $[a,b] k 
jt[o', &']&, we obtain (iii). 

Finally, (iv) follows from the injectivity of (irjy x Kn tt^)* and 

(ttw Xk n ?Tiv)*(7r fe x 7r fc )*p^/ blfc 

= (kk n x -kk n )*{k Kn /k n , xk n k Kn / Kn ,)*(tt n , x Kn , ■kn')*Pn' 



a! ,b' 



( n K N x n KN )*p e N '/ KN = d ~P-\ 



2 e'dj'd 



(e',f')e[a',b'] h (e'J')e[a',b'] k 

E P% f = d 2 (TT N x KN ir N y P ^ b]k . 

(e,f)e[a'd,b'd] k 



□ 



Proposition 2.15. Let N = N'd, (a! ,b') G G N > and (a,b) = (a'd,b'd) G G N . Then we 
have: 

(i) X^' b ~ ip* KN/KN X a N ? in J?k n ,e n , 

(ii) X^ b]k ~ in ^ fc , Bjv , fc . 

Proo/ (i) By definition, <Pk n /k n , X N' = ( X N',k n ,P%> >Kn )- Consider the following 
commutative diagram with tt = ttk n ■ 

(2.11) h(Xpf> i K N ) > h(XN,K N ) h(XN\K N ) — — *" h(XN,K N ) 



V 



N',K N 



Pn 



h{Xffi^K N ) > h(Xjsr t K N ) >- h(Xw t K N ) > h(X^ t K N ). 

Let us show that the commutativity of the first square. Since 071% = (tt x id)* by ( 12.1) and 
is injective, it suffices to show the commutativity after applying it. First, we have 



* a', b' t w \* a'b' t2 a, b 

71 °PN',K N 07r * = X TT) Pjv^ = C? Pjv 

by Lemma |2.1 41 (ii). On the other hand, using ( 12.1) and ( 12.2) . we have 

a,b * / • • j\ a,b a,b \ ^ 



a ,6 



p N on o tt* = (tt x id) (n X id)*p^ = P N 2^ g - 



Since a 1 f(g) = 1 for g G Gjv/jv'» we nave Pjv 9 = Pjv ' nence tne commutativity is 
proved. The commutativity of the second square is the "transpose" of the first one: 



TT* °PAT = (Pat OTT ) = (TT op „ ) = Pjv ; „ O TT, 



— a' ,—b f \ a'b' 
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Therefore, ir* maps X^l b K to X^j b and 7r* maps X^J b to X^; b K . Recall that 7T* o ir* 
d 2 . On the other hand, we have 



* a,b * a ,b j2 a,b 

7T On r Op N =TT Op N ', K 7T* = d Pj} 



Therefore, 



11 '■ X N>,K» 



-tra,b 7 — 2 T^a,fr yd' ,b' 

N ' " • N A N',K N 



are isomorphisms inverse to each other. 

(ii) Consider the commutative diagram with n = ix^ : 



(2.12) 



h(X N ,) /i(Xv) 



[a,6] fc 



/i(XjvO -C^ /i(Xjv) /i(Xjv) /i(Xjv). 

Similarly as above using Lemma l2.14l (iv). the commutativity of the first square is reduced 
to show 

[a, # j2 \a,b]k 

We can compute the composition after applying the faithful functor tp* KN r k - Then we are 
reduced to the calculation of (i). The second square is again the "transpose" of the first 
one. The rest of the proof is parallel to (i). □ 

Together with Propositions 12. 9l and l2.1 II we obtain: 
Corollary 2.16. We have isomorphisms: 

(i) ^{Xn,^) -®N>\N@{a>,b')£lP*r lP KN/K Nf X N'> b in ^K N ,E N , 

(ii) h l (X N ) ~ ® N ,\ N ® [a , b , ]keHN , h \ I v*jmX [ £,' b]k in^£ kiENk . 

Next, the relation between X^ b and X^' b ^ k is as follows. 

Proposition 2.17. 

(i) For (a, b) G Gat, we have an isomorphism in ^k n ,e n '- 

eyed 

(c,d)e[a,b] k 



* Y [a,b] k 



(ii) For (a, b) € G^ lm , we have an isomorphism in ^k,E N - 

<PK N /k**N N 

Proof, (i) is clear from the definitions. 

We prove (ii). Recall that ip Klf /k*X^ b — {X^^KntP^)^ viewed as a scheme and a 
correspondence over k. Consider the following diagram in ^k,E N with tt = ttn viewed 
as a fc-morphism: 

a.b * a.b a, fa * 

H(Xn) >■ h(XN t K N ) »■ h{Xfj) *■ h(XN,K N ) 



Pn 07T 



7T* Op 



h{X N ) h{X N , KN ) — V h(X N , KN ). 
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It suffices to show the commutativity of the first square after applying o7r* . Then, using 
( 12. Il l and d2.21 >. we have 

a,b * [a.b]k a.b / s* [a,b] k a.b \ ^ , a.b , 

Pn ° n ° Pn ° n * = Pn ° ( n x n ) Pn =Pn ° 2^ ho PN ° ft 

Er, ha,hb\ a,b \ ^ i a.fc \ ^ ; a, 6 a,b * 

(hop N ' )op^ o 2^ h = P N ° h = p^ op^ OTT OTT^. 

The second square is again the "transpose" of the first one. 
Now, since (a, b) is primitive, we have by definition 

(2.13) vr* op N o7T = (vr x 7r)*p^ = , 

hence 7r* o o 7r* o p L ^ k = p^' b ' t: . On the other hand, we have 

a,b * a, 6 a,b \ i a.b \ t ha,hb a, 6 a,b 

h£H Nk h£H N k 

Therefore, 

a. 6 * -xr\ a Mh va.b v a ,b v\a,b] k 

p N 7T : X N >ip KN / k *A N , ^*-^PK N /k*X N > X N 

are isomorphisms inverse to each other. □ 

Combining Corollary 12. 16l (ii) and Proposition ^. 1 71 (ii) we obtain: 
Corollary 2.18. We have an isomorphism in ^k,E N '- 

h\x N ) ^0 <PK S ,/*,xi'? , 

N'\N [a',b'] k eH N , tk \I^r 

where (a', b') is any representative of [a', b']k- 

3. L-FUNCTIONS OF FERMAT MOTIVES 

3.1. i?-adic realization of motives. For a scheme X and a prime number I invertible on X, 
let /j,(r, be the etale sheaf of £ n -th roots of unity. For an integer m, we write Z/€ n Z(m) = 
/ifj™. The l-adic etale cohomology group is defined by 

H&(X,Qt{m)) = Qz (Sz, lim^ t (X, Z/fZ(m)). 

n 

Let A: be a field with char(&;) ^ ^ and k be an algebraic closure of k. If X G then 

Hj(X)(m) : =i4(%,Q,(m)). 

is a finitely generated Q^-module on which the absolute Galois group Gal(fe/fe) acts con- 
tinuously. If X is a projective smooth curve over k, then is isomorphic to the 
£-adic Tate module of the Jacobian variety of X. 

Let X, Y G fk with d = dim X, d! = dim Y. For a correspondence / G Corr r (X, Y) = 
Q® z CU d+r (X x y),let 

[/] £H 2 e {d+r) (X xY)(d + r) 
denote the cycle class of /. Consider the composition: 

H\{X){m)^ H\{X xY){m) 

um H i+2{d+r) {x xY){m + d + r) PIz* Hi+ 2r (Y)(m + r), 
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which we also denote by /. Here, U is the cup product and the homomorphism pr Ysf is the 
dual of 



H, 



2d'-i-2r 



(Y)(d' -m-r) ^ R, 



P r Y Tj2d'-i-2r 



(X x Y)(d' -m-r) 



via the Poincare duality. 

For a motive M = (X, p, m) G ^k,E, its £-adic cohomology is defined by 

Hi(M)=p(E® Q H}(X)(m)). 

Then, Hi — ®iH l t extends to the co variant i-adic realization functor 

Hf. Jt k ,E > M ° d £ f [Gal(fc/fc)] 

to the category of modules over 

E g := E ® Q Qi 

with Galois action. If X G % is a curve, then we have H^h^X)) = Hj(X). Note that 

Hi(M(r)) = H e (M)(r) := H e {M) Q e (l)® r 

where Qt(l) is a one-dimensional Q^-vector space on which Gal(fc/fc) acts via the £-adic 
cyclotomic character. 

For any (resp. finite separable) extension k'/k in k, we have commutative diagrams of 
functors 



Jlk,E ^ Mod E f [Gal 



\{k/k)] 



jt k , E _^ Mod 



B f [Gal(fc/fc')] 



(3.1) 



"k'/k 



Res 



k'/k 



Vk'/k,: 



4- Mod 



E*[Gal(fc/fc')] 



H, 



Ind 



k'/k 



Mod 



E e \GaX(k/k)] 



where Res fc / / k is the restriction of the Galois action, and 

ln& k , /k {V) = E e [Gal(k/k)] ® E<[Gal(S/fe0] V 
is the induced Galois module. 

3.2. L-functions of motives. Let k be a number field and ff k be its integer ring. For a 
finite place v of fc, let V , k v be the completion of 0^, k, respectively, and F„ be the residue 
field; put N(v) = |JF„. Let I v d D v C Gal(/c/fc) be the inertia and the decomposition 
subgroups at v, respectively, and Fr^ G Gal(¥ v /¥ v ) ~ D v /I v be the geometric Frobenius 
of F„, i.e. the inverse of the the N(v)-th power Frobenius map. 

Let E be a number field. For a prime number £, we have a natural decomposition 

Ei = Y\_E\, 

x\e 

where A runs through the places of E over £, and £7>, is the completion. For an £^-module 
V.let 

^ = 0^a, V x :=E x ® Et V 

\\i 

be the corresponding decomposition into E\ -modules. 

Let M = (X,p,m) G ^k,E be a motive. For each finite place v of k, choose I ^ 
char(F w ) and a place \\i of E. Then, the zeta polynomial of M at v is defined by 

P W (M ) T) = det (1 - Fr„T; H A (Af) J «) G S A [T] 

where we write H X {M) = H e (M) x . 
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Conjecture 3.1 (^-independence). LetM £ Jtk,E- For any finite place v of k, P V (M,T) £ 
€?e[T], and is independent of the choice of i and A. 

Assume the conjecture for M. For each embedding a : E t — > C, the L-f actor at v is 
defined by 

L v (a,M,s)=aP v {M,N{v)- s )-\ 
and the L-function is defined by 

L(a,M,s) =Y[L v (a,M,s). 

V 

We denote by L(M, s) the system (L(a, M, s)) a , which may be viewed as an i?c-valued 
function, where 

a: E^C 

Note the relation 

L{M{r),s) = L(M,s + r). 

We also define the L-function L(h l {M), s) of the (conjectural) i-th motive to be the L- 
function associated to its "realization" i/|(M). 

We shall use the following proposition, which follows from ( 13. 11 1. 

Proposition 3.2. Let k' /k be a finite extension of number fields and suppose that a motive 
M £ ,E satisfies Coniecture \3.1\ Then, ipk> /fc*M satisfies Coniecture \3.1\ and we have 

L((fik'/k*M,s) = L(M,s), 

If X £ fk, it has good reduction at almost all v, i.e. there exists a proper smooth 
model over G v with generic fiber X Xj. k v ; denote the special fiber by X^^. We say that 
M = (X, p, m) has good reduction at v if X and all the components of a cycle representing 
p have good reductions. For such M and v, H((M) is unramified at v, i.e. the action of I v 
is trivial, and there exists an isomorphism 

Hi{M) ~ H e (M Vv ) 

of Gal(F t ,/F t ,)-modules (see 171). Therefore, 

(3.2) P V (M,T) = P(M Vv> T) := det(l - Fr F „T; H X (M F J) 

and Coniecture B. 1 I holds 0. 

Suppose that H((M) = Then, by the Weil conjecture proved by Deligne 0, 

for good v, P(Mf v ,T) is of pure weight w = i — 2m, i.e. any complex conjugate of a 
reciprocal root has complex absolute value N(v) w ^ 2 . Therefore, L(M, s) except for the 
bad factors converges absolutely for Re(s) > w/2 + 1 and has no zero nor pole in the 
region. Further, the weight-monodromy conjecture |6| implies that the bad factors either 
have no zero nor pole in the same region (cf. ll28l ). 

3.3. Jacobi sums. Let K be a finite field of characteristic p with q elements which con- 
tains the 7V-th roots of unity, i.e. N \ q — 1. Fix an isomorphism 

(3.3) ti N (K) (i N (E N ). 

Composing the ^^-th power map K* — > p,^{K) with ( 13.31 ), we obtain a character 

Xn- K* — > hn(En) 
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of exact order N. We extend Xn t0 tne whole K by setting x^r(O) = 0. For (a, b) G Gn, 
the Jacobi sum is defined by 



Fix an algebraic closure K of K and let K n /K be the subextension of degree n. The 
character xjv,«: K£ — * is defined as above via /xjy(-K'n) = ^n{K) ~ hn{En), or 
equivalently, XiV.n = Xw ° ^K n IK- Then, for any (a, 6) € Jjv, we have the Davenport- 
Hasse relation 



3.4. Zeta polynomials of Fermat motives. Let A; be a finite field of characteristic p\N, 
k be an algebraic closure of k and put K = Kn = fc(/zjv)- By choosing 6 i<0v and 
£at G -Bjv, the motives G ^k n ,e n and x]^' fc ' fc G ^k.E N k are defined. Note that 
fljv.fe C (Z/iVZ)* is the cyclic subgroup generated by jjfe. Fix the isomorphism ( 13.31 ) by 
assigning (jy to £jy. Then the character \n an d the Jacobi sums are defined. 

We calculate the zeta polynomials of X^f and X^' b ^ k . We only consider the case 
(a, b) G ij\r> whereas the other cases are obvious by Propositions 12. 9| and l2.1 II The key is 
the Grothendieck's fixed point formula (cf. Q): for an endomorphism F of X over k, we 
have 



j(X a N,X b N) 



E x a N {x)x h N {y) e Sjv. 



x,y£K,x-\-y= 1 



(3.4) 



i(x£r,„,x^,„)=i(x^x^)"- 



(3.5) 




Theorem 3.3. 



(i) //(a, 6) G J w , ffcen P(A# 6 , T) = 1 — j(x$V, X h N )T. 




Proof, (i) First, by taking the logarithm, we have 



logdet(l-Fr K T;ff A (X^)) 

= log J] det(l-Fr K T;^(^ fc )) 



i=0,l,2 



= log TJ det(l-Fr KP a /T;H{(X N , K )) 



i=0,l,2 



= E (-irE^ Tr (( Fr rf)";^(^)) r 



t'=0,l,2 n>l 



i=0,l,2 n>l 



= E - hvs E ^V 1 ) E (-i)'^^; mx N , K )) T 
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This is devided as yl(Fr^ 5 ) = A (Fi^g) + Ai(Fr^g) with 

A (Fr n K g) := tf{P G U N (k) \ Fv n K g(P) = P}, 

A 1 (Fr n K g) := tf{P G | Fr n K g(P) = P}, 

where Un, C are the subschemes defined in §2.4. 
Let q — PC. If 5 = g^ r ^ s , then we have 

MFrlg) 

= ${(x,y)ek 2 \x N +y N = l,x«" = C r N x, y^ = Cnv} 

= E t{xek\x N = u,x" n = c N ^{y^k\y N = v,y gn = C s N y}- 

u+v—l 

Here, the sum is taken over u, v G K n , the extension of if of degree n, since it 9 " = 
^JVg _ ^r^-jjv _ x n _ u jf u ^ 0, then x = u and x 9 = C, r N x imply that 

u^tt- = a; 9 "^ 1 = Cat- Conversely, if u^tt- — then any solution of x N = u satisfies 
x q = Cf^x. Therefore, we have 

Ux G k I x N = u, x 9 " =C N x} = [ N - S ^ = ^ [fu ^° 

I 1 if u = 

where (5(P) is 1 (resp. 0) if the statement P is true (resp. false). It follows that 

A {Fr%g) = N 2 £ S(u^ = = Cat) 

u,v£K^ ,u-\-v— 1 

+ iV5(r = 0) + iV£(s = 0). 

On the other hand, 

= tt{(^o : Vo) G P 1 ® | ^ + = 0, (xf : - (C N xo ■ CnVo)} 

= ${ W £k* | W N = -i,w gn = e N s w} 

= N6((-1) 3 ^ 1 =£-). 

Now, by the definition of XN,n, we have XN.n{u) = Cn for r such that u 3 ~Tr 1 = Cjy 
Therefore, we have 

E N b (9N) E - (n)S(^ = Cn) 

r,s u,v£K* ,u-\-v—l 

E X%, n (u)X%Jv) = -j(x a Ntn ,XN,n) = -j(X a N,XNr 

u,v£K* ,u-\-v— 1 

by d3.4b . On the other hand, since (a, b) G /at, 

E <W) (*(r = 0) + 8(8 = 0) + *((-l)^ = C N - S )) 

r,s 

= E^ S +E or + M)^ a E 4 a+b)s = o. 
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I2 E e a N b (9- 1 )MFr n K g) = -j( X %,x b N r 



We obtained 

TV 2 
and hence 

P{X a N \ T) = exp ]T A^^ T" = 1 - j( X %, X b N )T. 

n>l 

The statement (ii) follows from (i), Proposition ^. 17l (ii) and the general fact 

P(n k , /k ,M',T) = P(M',T^^) 

for finite fields k' jk and M' G ~^k' ,e- The final assertion follows since j{x°N iXn) = 
3(x a N ,X b N )- □ 

Remark 3.4. For (a, b) G 7jv not necessarily primitive, let iV = iV'd, a = a'tf, b = b'd, 
with (a', b') G I^ m . Then we have 

(recall that %[a,b] k = %[a' ,b%). 

Corollary 3.5. If (a, b) G 7jv, then H t {X%") is a free En ^-module of rank 1 anof 
77^(xjy'^ fc ) is a free (En ik )f -module of rank |)[a, 6]fe. 

Remark 3.6. This also follows from the corresponding result for the singular cohomology 
(cf. EH ) and the comparison theorem between etale and singular cohomology (Artin's 
theorem). 



3.5. L-functions of Fermat motives. Now, let k be a number field and K jy — fc(/xjv) C k 
as before. By choosing (n G ^n{Kn) and £n G hn(En), the motives X N ' G ^k n ,e n 
and A'v ' " G .//,,,,,, , are defined. 

By Proposition ^. 91 the cases (a, b) g" 7jv are easy: 

L(X /, s) = (k n (s)(k n (s ~ 1), L(X [ ° fi]k , s) = C*(s)Cfc(* - 1), 

and 7(X^' b ,s) = L(xjy' b ' fc , s) = 1 if only one of a, b, a + b is 0. For (a, b) G 7jv, 
we are reduced to the primitive case over K^: if (a, b) — (a'd, b'd) with N = N'd, 
(a', b') G 7^rV m , then we have 

L{X a N \s) = L(X a N ;% N ,s), L(X^,s) = L(x£?'\ S ) = L(X a N ; b ',s) 

by Propositions 127131 IXTTl and 13721 

If v \ N is a place of TsTjv, we have a canonical isomorphism 

H N {K N ) -=-> /tijv(F„). 

By abuse of notation, we also denote the image of (jy by the same letter. Then, using C,n 
and £at, the motive Xjy F G ^f v .e n is defined. The character 

XN,v ■ ► 

and the Jacobi sum 

JN b ( v ) : = j(X a N,v,XN.v) 

are defined as in §3.3. At v \ N, the motive X N ' has good reduction: (Xjy )f„ = X^ ¥ . 
By ( 13.21 and Theorem l3.31 we have: 
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Proposition 3.7. Let (a, b) 6 In and v be a finite place of Kn not dividing N. Then we 
have 

P v (X a /,T) = l-f/(v)T. 

Now we determine the bad L-factors. 

Proposition 3.8. Let (a, b) G I N llm and v be a place of Kn dividing N. Then we have 
H^X^) 1 " = for any £ ^ char(F„). In particular, P v (X^ b , T) = 1. 



Proof. Let Xn,f v denote the special fiber at v of the model defined by the same equation 
as Xn- By a similar argument as in [6| (3.6), we have a canonical surjection 

compatible with the action of Fr„. Let p = char(F„), N — p e N' with e > 0,p \ N' and 
consider the commutative diagram 



Hi (X NjVv , Qt) Hi (X N I , Q e ) h - . 

Since Xn>,k n has good reduction at v, the upper horizontal map is an isomorphism. The 
right vertical map is injective by the norm argument: ttn/n* ° ^n/n' = P 2e - Consider a 
morphism 

/: Xn',v v — > Xn,w v i (xq ■ Ho ■ z ) 1 — > (xo : Ho ■ Zo), 

which identifies Xn'.f v with the reduced scheme associated to Xn,w v - Since / is de- 
fined by a nilpotent ideal, it induces an isomorphism on cohomology. The composite 
/ o ir N / N , f coincides with the base change of (F( P )) e where F( p ) is the Frobenius endo- 
morphism of Xn,f p I7L Rapport, §1. The action of F(p\ on cohomology coincides with 
that of Frp p , hence is an isomorphism. Therefore, ^* N , N , y is surjective and all the maps 
in the diagram are isomorphic. By Proposition ^. 151 (i), we obtain 

Ht(X N y« = H t (xfr'> b '*'), 

{a',b')eI N / 

which finishes the proof. □ 

We have proved: 
Theorem 3.9. 

"" ' ' ' '•' " ' ' ' "" ' ->'..- i \ N una si.fj 



(i) For any (a, b) £ Gn, Conjecture \3.1\ is true for X^ b and x| a,h 

(ii) For (a, b) S I N llm and an embedding a: En C, we have 

L(a,X a /,s) = L(a lEN>h ,X^' b] \s) = Jj(l - <r(j^))A^) 

Remark 3.10. It follows that L(X^ b , s) depens only on the class [a, b]k and is an (En, Re- 
valued function. In particular, if Hn,u = Hn ( e -g- k = Q), then it is C-valued, i.e. 
L(<r, ^^r' h , s) does not depend on a. 
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3.6. Functional equation. Let A: be a number field and for an infinite place v of k, let k v 
be its completion. Then, for I e ft, we have 

I l :=Ix Q l=|jX ll , X v :=Xx k k v 

v\oo 

regarded as R-schemes. More generally, for a motive M £ ~^ k ,E, we have 
Mr := ^/Q(pk/q*M = (J) M v , M v := <Pk v /R*<Pk„/k M 

v\oo 

in Jfa %B < 

For a motive M = (X, p, m) £ e over K, the i-th singular cohomology is defined 

by 

fP(M(C),Q) := p (E ® Q iT(X(C), Q(m))) 
(we use such a notation although M (C) itself is not defined), where 

Q(m) := (2™) m Q. 
It is a Hodge structure of pure weight w = i — 2m, that is, there is a bigrading 

ir(M(C),Q)® Q C~ fP'«(M) 

as an Ec -module such that the complex conjugation Cqo (on the coefficients) exchanges 
H p ' q and H q p . Since X is defined over M, the complex conjugation called the infinite 
Frobenius acts on X(C) and hence on the cohomology, which also exchanges H p,q and 
H q,v . The Hodge numbers are defined by 

hP< q (M) = rank Bc iF' 9 (M) , hF^ (M) = rank Ec H% p (M) , 

where H% P (M) := HP>*>(M) F °°= ± <.- 1 ')'' . Using the standard notations 

r R ( s ) : = Tr- s / 2 r(s/2), r c ( s ) : = r K ( s )r R ( s + 1) = 2(27r)- s r( s ), 

we put 

r(M, S ) = J] r c ( s - p)^'("> J] r R ( s - pjW^ + 1 - p)"'-^ . 

P<<? P 

Now, for a motive M £ ^k,E over a number field, assume Conjecture 13 . 1 1 and define 
the completed L-function by 

A(M,s)=L(M, s)r(M M ,s). 

By the Poincare duality #](M) V ~ Hf d ^(M v ), Conjecture ED also holds for M v . 

Conjecture 3.11 (Hasse-Weil). L(M, s) is continued to a meromorphic function on the 
whole complex plane and satisfies afunctional equation 

A(M, s) = e(M, s)A{M y , 1 - s) 

where s(M, s) is the product of a constant and an exponential function (see (U, II32II ). 

Remark 3.12. If M = h\X), then by the hard Lefschetz theorem E} i ~\X){d) ~ 
E\(X)({), the functional equation is also written as 

A(h l (X), s) = eftiX), s)A(ti{X),i + 1 - s). 
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Now, consider the Fermat motive AI = X N ' £ ^k n .e n , {a,b) £ In- Recall that 
A/ v = X N a ~ 6 (1) (Remark EH). Weil ED proved that is a Hecke character of 
conductor dividing N 2 , hence by Theorem 13.91 L(X^ b , s) satisfies Conjecture 13.1 II As 
we shall see later (Remark l4.121 i. for each infinite place v of Kn, we have 

(3.6) h°' 1 (M v )=h 1 '°(M v ) = l 

and the others are 0. Therefore, we have 

A(x a /,s) = L(x a /, s )r c ( s y> 

where r 2 = [Kjf : Q]/2 is the number of the complex places of Kjy, so we obtain: 

Corollary 3.13. Let (a, b) e In- 

(i) L{X N ,b , s) is analytically continued to an entire function on the whole complex 
plane. 

(ii) A(X% b , s) = a(3 s ■ A(X^ a '~ b , 2 - s) with some a, (3 € {E N )* C . 

(iii) L(X N ,b , s) has zero of order ri at each non-positive integer. 

Remark 3.14. If N = p is a prime number and K p = Q(p p ), then the e-factor is classi- 
cally known by Hasse flT6l (cf. lfT4l ): 

e(x^ b ,s) = ±( P p- 2 +fy- 1 

with / = 1 or 2, easily calculated from (a, b). The sign (root number) is determined by 
Gross-Rohrhchlfl4l. 

3.7. Artin L-functions. In (38), Weil interpreted the Jacobi-sum Hecke L-function as 
an Artin L-function. Our motivic L-function is regarded as a rephrasing of it. Though not 
necessary in the sequel, we explain the relation between them. Although the representation 
Da,b of Weil (loc. cit.) is not written explicitly, our p^' 6 ^ below should correspond to it. 

Let i?T be a scheme of finite type over SpecZ and \3tf\ be the set of its closed points. 
For x £ \3&\, let nix) be its (finite) residue field and put N(x) = §k(x). The Hasse zeta 
function of S£ is defined by 

c(^»= n (i-^rr 1 - 

xe\3C\ 

If 3£ is of Krull dimension d, C,(5£ ', s) converges absolutely for Re(s) > d and defines a 
holomorphic function in the region. 

Let J?T — > <3f be a finite flat covering of schemes of finite type over Z which is generi- 
cally etale and Galois with Galois group G. Let p be a complex representation of G and \ 
be its character. The Artin L-function L(3£ / *3f , p, s) is defined by 

lo g L { X/W, P ,s)=Y,t X{yn)N{yrS 

ye \Y\n=l 

(see 11311 ). If p is the unit representation (resp. the regular representation), then it reduces 
to C(^, s) (resp. CG^f , s)). 

Now, let &N,k be the Fermat scheme of degree N over defined by the same equation 
( 12.31 l. and consider the diagram similar to ( 12.41 i. By the basic functorialities OTI . we have 

(,(^N,k,s) = L( 3sN,K N / ^N,ki ^-H Nlh i s ) 

= L(% n .k n I 'Sl,fc,Ind^ fc fc lH N>h ,s). 
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It is not difficult to determine the irreducible decomposition of Ind^ vfc 1r n k - For (a, 6) £ 
G N , there is a unique (a', 6') e G p ^, m with TV = iV'd such that (a, b) = (a'd, b'd). Put 

P l N = Res rjv ; fc Ind Giv ; crlV , 

where 

is the composition. Then one shows that pjy b ' fc is irreducible and 
Ind^l^= p^K 

[a,b]keH Nik \G N 

Therefore, we obtain 

C(^N, k ,s)= [] L{2£ N<KN /2£ 1>k ,p^\s). 

[a,b] k £LH N>k \G N 

Further, we have 

L(& N , Klf /& ltk ,tfc h]h ,s) = L(%- N , tKN ,/%- ltk ,lnd^r; h <T6 a N ; b \s) 

Proposition 3.15. For (a,b) 6 IfJ im , we have 

L{^n,k n / ^i,k n , c#jv b , s) — L(a, X^ b , s) -1 . 
Proof. We prove it fiberwise; let v be a finite place of K^- Then, we have 

\ogL{S: NtW J^ ¥vl aef lS ) = V -2—, T = N(v)~ s 

n—l 

where 

(see El). If v f TV, it equals log P v (X^ b , T) by the proof of Theorem |53] If w|JV, let 
p = char(F„) and N' = N/p. Then, the action of g E Gm on =!?Gv.f„ depends only on 
the image of g in Gn 1 - Since (a, 6) is primitive, we have J2 g eG N/N , ^Jv b (s = 0' hence 
v n = 0, and the proof finishes by Proposition l3.8l □ 

If TV' = 1, i.e. (a, b) = (0, 0), then we are reduced to 

C(#i, fc ,a) = C(Fk' s ) = Cfc(s)a(a - 1). 

If only one of a, b, a + b is 0, one proves easily that L(^N t K N / ^~i,k n , c#^ b , s) = 1. 
Summarizing, we obtain: 

Proposition 3.16. 

JV'IJV [a',V] fc eH Ar /, h \I^? m 
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4. Regulators of Fermat motives 

4.1. Motivic cohomology. We briefly recall the definition of motivic cohomology of mo- 
tives and its integral part. For more details, see [20], |28|, I 30ll . 

For a noetherian scheme X, let Ki(X) (resp. K^(X)) be the algebraic if -group of 
vector bundles (resp. coherent sheaves) [23 1 . If X is regular, the natural map Ki(X) — » 
K'^X) is an isomorphism. For a quasi-projective variety X over a field, we define its 
motivic cohomology group by 

H n 4t (X,Q(r)) = K 2r _ n (X)%\ 

the Adams eigenspace of weight r 11351 . 

Recall the Grothendieck Riemann-Roch theorem Q ® z CH r (A") = K (X)^\ For 

X, Y £ % and / G Corr d (X,Y) = tf (X x y)^ dimX+d) (for X irreducible), the 
composition 

Ki(X) Q ^ Ki{X x Y) Q H> ^(X x y) Q = K[{X x Y) Q 

^(y) Q = Ki(Y)q 

induces a homomorphism H%(X, Q(r)) -»■ H^~ 2d (Y, Q(r + d)) by the Riemann-Roch 
theorem J35|, (36). For a motive M — (X,p, m) £ j#k,E, its motivic cohomology group 
is defined to be the £?-module 

H^{M, Q(r)) = p(E ® Q H^(X, Q(r + m))). 

For a fixed r, 

(4.1) H M : J? k<E — > Mod E ; M ^®H^(M,Q(r)) 

to 

is a well-defined covariant additive functor. 

Let k be a number field. There is a functorial way [30 1 of defining a subspace 

^(M,QW)zC^(M,Q(r)) 

called the integral part. Conjecturally, it is a finite-dimensional E'-vector space. If M = 
h(X) and if there exists a proper flat model 3£ of X over ^ which is regular, it coincides 
with the original definition of Beilinson: 

H»r{X,Q(r))z = Im(if 2r _„(JT) Q -» X 2r _ n (X)^), 

which is independent of the choice of The existence of such a model is known for 
curves. For a general motive M = (X, p, m), we have by definition: 

(4.2) H^(M,Q(r)) z = Im(E® Q H^(X,Q(r + m))z^H^(M,Q(r))). 

4.2. Deligne cohomology. We briefly recall definitions and necessary facts on Deligne 
cohomology. For more details, see [12|, [20|, [28|. 

For X £ "fc, let il' x be the complex of the sheaves of holomorphic differential forms 
on X(C). For a subring A C R and an integer r, put 

A(r) = {2wi) r A C C 

and define a complex A(r)@ of sheaves on X(C) to be 

A( r ) — » €? X(C) — » n x — > > O^ 1 
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with A(r) located in degree 0. Then the Deligne cohomology group is defined by the 
hypercohomology group 

H%(X,A(r)) = H"(X(C),A(r)»). 
By the distinguished triangle 

T <r !l m x [-1] — » A(r)cj — » A(r) -±i> 
we obtain a long exact sequence 

■ - /T-^XOC), A(r)) — fl^H^CC))/^ 

— » fl§(X, A(r)) — > ff"(X(C), A(r)) — • ■ • 
where i 7 " denotes the Hodge filtration. If n < 2r, then the kernel of 

^(X(C),A(r)) — if d " R (*(C))/i^ 
is torsion (cf. [28 1). Hence, for A = R, we obtain an exact sequence 

(4.3) — H^iX^Mr)) — ► ^'(^(C))/^ — > F|(X,R(r)) — » 0. 

The de Rham isomorphism together with the projection C — > K(r — 1) induces an exact 
sequence 

(4.4) — » F r ^- 1 (X(C)) — > H^-^JffCJ.RCr - 1)) — » ifg(X,R(r)) — » 0. 
Now, let X 6 "/r. Then the (rea/J Deligne cohomology group of X is defined by 

#§(X,R(r)) =fr|(X c ,M(r)) + , 

where + denotes the subspace fixed by Foo^Coo (see §3.6). Under the GAGA isomorphism 
H% K {X(C)) ~ FJ R (X C /C), F^ R (X(C)) + corresponds to #£ R (X/R), the algebraic de 
Rham cohomology of X/R, on which the de Rham filtration is already defined. Therefore, 
if n < 2r, then (14.31 ) and ( 14.4b induce the following exact sequences: 

(4.5) — » J tf"- 1 (X(C),R(r)) + — » FJ R X (X/R)/F r — > H@(X, R(r)) — > 0, 

(4.6) — > i^ff^X/R) — ► ^"-^^(q.R^ - 1))+ — ► #2|(X,R(r)) — > 0. 

Since the Deligne cohomology and homology form a twisted Poincare duality theory 
lf]~3l (cf. Ifl7l ). the above definitions extend to motives: for M — (X,p, m) G ^#r.b, we 
define 

H%(M,R(r))=p(E ® Q ff$(X,R(r + m))) 
and obtain a covariant functor 

(4.7) JC^e — > Mod^; M .— ► @#g(M,R(r)). 

4.3. Regulator. ForX G the theory of Chern characters gives the canonical regulator 
map from motivic cohomology to Deligne cohomology 

ra,:fl3r(X,Q(r))— >flS(X,R(r)) 
functorial in X (see |20|, |28|). If X £ Y^, the image of the composite 

H^(X,Q(r)) — ^(X c ,Q(r)) — ^(X c ,R(r)) 

is contained in H%(X, R(r)). All these constructions extend to motives: for M e ^#e,_e 
we have an F-linear map 

r^:fl>(M,Q(r))— ^fl3(Af,R(r)) 
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functorial in M, i.e. compatible with ( 14. II ) and ( 14.71 . 

Consider the case n = r = 2. For a field k and X £ let X^ 1 ' be the set of points on 
X of codimension one. Then we have (cf. ll20ll ) 



i?^(X,Q(2)) = Kcr(x 2 M (fc(X))®Q^ k(x)* ® 

Here, the Milnor X-group /fjj (fe(X)) is the abelian group generated by symbols {/, g} £ 
jfe(Jf)* ® z fcpT)*, divided by Steinberg relations {/, 1 - /} = (/ ^ 0, 1). The tame 
symbol J 1 = (T^) is defined by 

On the other hand, for X £ fc, we have by (14.4-t 

#|(X,R(2)) ^(JTfCJ.RCl)) = Hom(ifi(X(C),Z),E(l)). 

Proposition 4.1 ([2], cf. 11241 "). Let X be a smooth projective curve over C and e = 
X2j{/i> .9i} ^ H^(X, Q(2)). 77ie«, under the above identifications, we have 

rg> (e)(7) =ilm^ I / log/; dlog^ - log |g;(P)| / dlog/,, 

j \V 7 ■'7 

/or a cycZe 7 £ i?i (X(C), Z) vv/f/z base point P £ X(C). 

4.4. The Beilinson conjecture. In the remainder of this paper, k will always be a number 
field. Let M = (X,p,m) £ ^Zt- w. and assume Conjectures 13. II and 13. Ill Recall that 
L(h l (M), s) is an £c-valued function. On the real axis, it takes values in 

(4.8) E R = H E W =\H d + , 

where the script + denotes the fixed part by the complex conjugation acting both on the 
set {a} and on each C. For an integer n, define the special value L*(h l (M), n) £ E^ = 

1L : h> : 

L*{a,h\M),n) = lim ^f^Snn X - 

v v n ' s -»n (s — n)° rd *=« L ( a < h ( M )> s > 

Note that the order of zero does not depend on a. Moreover, Conjecture 13.111 and ( 14.5b 

imply that 

rank £l i^ +1 (M R ,R(r)) = ord s= i_ r L(^(M) V , s) 

if w = i ~ 2(m + r) < -3 (cf. l28l ). 

By composing the natural map H^(M, Q(r))z — > H^(Mn, Q(r)) with the regulator 
map for Mr, we obtain the regulator map for M 

r®: fl2r(M,Q(r)) 2 — ffg(M R ,R(r)). 

Let 

r» lt) : H^(M,Q(r)) z — > ^(M„,I(r)) 

be its w-component. 

For an E'jj-module _ff , a ^-structure is an _E-submodule iJo C such that i7o ®q R = 
_ff . For a ring i? and a free i?-module H of rank n, its determinant module is defined by 

detff = A"iJ, 

the highest exterior power. Let M £ J%k,E and consider the exact sequence ( |4.6t for Mr. 
The singular cohomology with R(r)-coefficients has the natural (Q-structure. On the other 
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hand, the de Rham cohomology has the Q-structure (M/Q), on which the Hodge 
filtration is already defined. Let 

3§{h\M){r)) c det H 1 ^ 1 (M, R(r)). 

be the Q-structure induced by ( 14.6| >. 

Conjecture 4.2 (Beilinson J3)). Suppose that w = i — 2(m + r) < —3. 

(i) The regulator map tensored with ffi 

r@ ® Q R: ^(M.QCrJJz ®q R — ► i^ +1 (M R ,R(r)) 

M an isomorphism. 

(ii) /n det J ff^ hl (M R ,R(r)), we nave 

r S) (detH^ 1 (M,Q(r))z) = L*(h l (M) v , 1 - r),^(h l (M){r)). 

Remark 4.3. The finite generation of the integral part of the motivic cohomology and 
the injectivity of the regulator map are in general very difficult. A weaker version of 
the conjecture is to find an i?-linear subspace of i/^ 1 (M, Q(r))z for which the same 
statements hold. The conjecture is in fact formulated for w < (see 0, d, (20|, l28l ). 

In particular, if X is a projective smooth curve over k, the conjecture (i) implies 

dim Q #^(X,Q(2)) z = [k : Q] • genus(X). 

For our Fermat motives, by the description of the Deligne cohomology which shall be 
given in §4.6, we should have 

dim EN H*g(X% b ,Q(2)) z = dim Bjv , fc H^(Xp b]k , Q(2)) z - [K N : Q]/2 

for(a,6)G/P rim . 

4.5. Elements in motivic cohomology. Starting with Ross' element, we define elements 
in the motivic cohomology of Fermat motives and study their relations. 

Let Xm be the Fermat curve over a number field k. As explained in 1271 . p. 228, we 
have 

H^(X N ,Q(2)) Z = H^(X N ,Q(2)), 

hence by ( 14. 2K we have 

H^{xf,Q{2)) z = H^(X%\®(2)), H^(X^ b] \Q(2)) z = H^(X^ b] \Q(2)). 
If we put 

e N = {l-x,l-y}£K™(k{X N )), 
then the tame symbol T(ejv) is torsion (|27|, Theorem 1), so ejv defines an element of 

H^(X N ,Q(2)) Z . 

Remark 4.4. The divisors of 1 — x, 1 — y and their G^-translations are supported on 
torsion points of Xn, embedded in its Jacobian variety by choosing as a base point any 
point with xqi/qzq = 0. 

Definition 4.5. Define: 

e N b =P a N n K N /k e N G H^(X^ b ,Q(2)) z , 

J a Mk _ Ja,b]k„ - rr2 (y{a,b] k /r>>(<)\\ 

Proposition 4.6. If N — N'd, (a, b) e G N and (a', b') G G N >, then we have: 

(i) n N/N' : k* e N = eN'- 
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(\:\ _* p a ', b ' _ r l2 a'd,b'd 

W N/N' ,K n I K N i N' ~ ac N 

a ,6 



a b J k* k /K e a N ) if(a,b) = (a'd,b'd),3(a',b')eG N >, 
10 otherwise. 

( iv ) _* Ja',b'] k _ , 2 [a'd,b'd] k 

(.iv; ^ N /N',k e N' — a e N 

M]fc fe^?' lfc (f(a ) 6) = (a'd ) &'d),3(a',6 / )6G JV , J 

W ^N/N',k* e N — \ „ , . 

10 otherwise. 

(vi) ^ N ,K N /k e N * = Z)(c,«i)e[o 1 6]* 

(vii) Tr^/rf = fg 1 ^ (= e^ blfc ./(a, b) e ^ im ). 

Proof, (i) Let (x, y) (resp. (&', y')) be the affine coordinates of (resp. Xn 1 ), so that 
x' = y' = y d . Consider the intermediate curve 

X N . N ,:x N + y' N ' = 1, 

with natural morphisms Xn Xn,n' -Xjy. By the projection formula for the cup 
product in X-theory, we have: 

7Ta7A"*{i -x,l-y} = 7r 2 *7ri*{7r^(l - x), 1-y} 

= ^ X,TTu(l - y)} = 7T 2 *{1 - .x, 1 - y 1 } 

= tt 2 *{1 ~ x,tt^(1 - y')} = {tt 2 *(1 — at), 1 — y'} 
= {l-x',l-y'}. 

(ii) Since 



*N/N>,K„/k*N> = \2^ geGN/NI 9) *N,K N/k eN 

and p a N d ' h d g = p N d ' b d for g G Gn/n', this follows from the commutativity of (12. lib . 

(iii) The first case follows from (i) and the commutativity of ( 12.1 U . For the second 
case, tt n / n , Kn is injective and we have 

* a,b \ ^ a. b \ na^b / \ a,b n 

7r JV/Ar' : A'„ 7r A f /A",A'iv*PjV = 9P N = 8 N K9)P N = 0- 

g&G N/N , 9&G N/N i 

(iv) and (v) follow similarly as (ii) and (iii) from the commutativity of ( 12.121 i. (vi) is clear 
by definition. 

(vii) Using (ii), we are reduced to the primitive case, which follows from ( 12. 1 3b . □ 

4.6. Deligne cohomology of Fermat motives. We calculate the Deligne cohomology of 
X^f e ^k n .e n - Note that both Kn and En are totally imaginary. 

Let M € ~^k,E be a motive, and for a complex place v of k, let r, r : fc C be the 
conjugate embeddings inducing u, and put M T = <pj/ fe T M. Since i 7 ^ exchanges the 
components of 

^(M„, c ,I(r)) = fl£(M r ,R(r)) x H%(M r ,R(r)), 
we have canonically 

H%(M v ,R(r)) = fl3(M T ,»(r)). 
In particular, for each infinite place w of i^jv and a choice of r, we have an identification 
of E^v.R-modules 

(4.9) H%(X a *R(2)) = R(2)) = ffW r ,R(l)). 
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The Q-structure SS splits as 

u|oo 

where SS{b} (X% b v )) corresponds via §2) to H^X^, Q(l)). 
Similarly to the i?-adic case, for an i?R-module V, let 

V = Q)V W , V w =E w ® Es V 

w\oc 

be the decomposition corresponding to (14.8b . If w is a complex place and a, ~&: E <^-> C 
are the embeddings inducing w, then we have 

k, = [v,®y ? ] + , 

where we put V" CT = C ®b E!(T V, and + denotes the part fixed by the complex conjugation 
acting both on the set {er, er} and on C. Therefore we have a canonical isomorphism 
V w = V a . For v G V, let u ff G V a denote its er-component. 

Applying these to our situation, for each infinite place v of Kn and an embedding 
er : En ^> C, we obtain an identification 

(4.10) Rp)), = ^(^(C).^!))- = ffCp^ffH^.rCCJ.C), 

the subspace on which Gn acts by the C*-valued character a0 a N h . 

Now, for the moment, let Xn be the Fermat curve over C. By choosing a primitive 
root of unity (n G C, Gjv acts on Xn- Let us recall the structure of the homology and 
cohomology groups of Xn(C). See IZfl . Il25ll for the details. 

Definition 4.7. Define a path by 

<W: [0,1] — >Xjv(C); £> — » (t^,(l-t)^) 

where the branches are taken in R. Then, (1 — g N °)(l — g N s )^N becomes a cycle and 
defines an element of Ht(Xff(C), Q). Put 

It does not depend on the choice of £jv. 

Definition 4.8. For integers a, b, define a differential form on Xn(C) by 

u?.* = x a y b - N — = -x a - V— • 
x y 

For (a, b) G Gat, put a^y b = cdjy , where (a) G {1,2,..., A} denotes the integer 
representing a. If (a, 6) G In, then u^y fc is of the second kind (i.e. has no residues), so 
defines an element of H 1 ( Xn (C) , C), which we denote by the same letter. Moreover, 
is of the first kind (i.e. holomorphic) if and only if (a) + (b) < N. 

Proposition 4.9. 

(i) Hi(Xn(C), Q) is a cyclic Q[G N]-module generated by jn- 

(ii) The set | (a, 6) G In} «s a fcasis o/i? 1 (Xjv(C), C). 
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(iii) For (a, b) € In, we have 



a,b _ 1 R /<a> (&)> 



iV — at V N > N J> 

IN JV 



where B(a, (3) is the Beta function. 
Note that is an eigenform for the G^-action: 



r,s a.b j-ar+bs a,b 



We normalize a>^ h as 



(4.1D ^ b :=(ls(M f)) V. 

Then we have for any e G^v 

//i n\ / ~a,b I r,s~a,b /-ar+bs 

(4-12) / Vf} = 9n u n =(n ■ 



9ri IN J in 



Hence we have 



— a, b ~— a,— b 

Coo^jv — ^ N 

Let us return to the original situation over Kn, and for each embedding r : Kn C, 

let 

lN,r E ffl(X^, T (C),Q), W^ T ,W^ 6 T E H^Xjf, r (C),C) 

be the corresponding classes for Xn.t{C) = Mor^^C, Xn,k n )- By Proposition 14.91 
(i), it follows that 

#i(X^ 6 T (C),Q) :=pf{E N ® Q ff x (X^ T (C),Q)) 
is a one-dimensional £?7v -vector space generated by p N b jN,T- 

Definition 4.10. For each infinite place v of Kn, choose r inducing v. For (a, 6) S /at, 
define 

A&e R(2)) 

to be the element corresponding to 27ri ■ (rfy 7jv, t ) v under the identification J4.9I ). Only 
the sign depends on the choice of r. 

Proposition 4.11. Lef (a. 6) G Ijy fln< ^ the notations be as above. Then, 

(i) H*(X$ V ,-R(2)) = E N M\ a N b v and%{h}{xf v )) = E N X N b v . 

(ii) Under the identification ( 14.101 ), we have 

/ \ a.b \ o ■ — ha.hb 

where h 6 £T/v is f/ze element such that t((at)' 1 = ct(^at). 
Remark 4.12. The equality ( 13.61 ) follows since 

ff x (x^(c),c) = it 1 Q ©^(x^cj.c) 

j .i r- ha.hb —ha. — hb • u i u- 

and exactly one or lj n ' , u;^ - is holomorphic. 
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4.7. Main results. We state the main results of this paper. 

For a E C — {0,-1,-2,. ..} and a non-negative integer n, let 

r(a- 



(a, n) = a{a + l)(a + 2) • • • (a + n - 1) 



r(a) 

be the Pochhammer symbol, where r(a) is the Gamma function. 

Definition 4.13. Define a function of positive real numbers a, (3, by 

~ = r(a)r(/3) v (q,m)(/3,n) 
[ ,P) r(a + + l) ^(a + /3 + l,m + nY 

m,n>0 

which takes values in positive real numbers. Its convergence will be explained later. 

The main result of this paper is the following. 

Theorem 4.14. Let (a, 6) £ In, and v be an infinite place of Kn induced by r. Consider 
the regulator map 

r 9 y. H^(X% b ,Q(2)) z — » H%(X^,R(2)). 

Then we have 

/ a.b\ a,b \ a , b 

T&, v \e. N ) — c N a n 



with c N E E* N R . For any embedding a: En > C, we have 



„-;,."■" , 1 / J?( (ha) (hb) \ _ rp ( (-ha) (-hb) \\ 

' C x ■ 1 ' y2 7r j \ r \ N ' N ) F \ N ' N ) J ^ 



;,b 

where h E if/v z'i f/ie unique element satisfying 7~(£jv) — ^(^./v)- In particular, v@ v ( 
is surjective. 



The proof will be given in the subsequent subsections. First, we give several corollaries. 
Corollary 4.15. Ifk contains all the N-th roots of unity, then the regulator map 

ro JtV ® Q R: H^(X n ,Q(2)) z ® q R — ► fl|(jr^, v ,R(2)) 
/s surjective for any infinite place v of k. 

Proof. After tensoring with En, the both sides decomposes into the cohomology groups 
of X N ' , on which the regulator is surjective by Theorem l4.14l Hence the original map is 
surjective. □ 

Corollary 4.16. Let (a, b) £ In and v be an infinite place ofk. Then the image of e N ' b ^ k 
under the regulator map 



r 9tV : H^(X [ y b] ",Q(2)) z — H%{Xy h] \ R(2)) 



w non-trivial. 



Proof. By Proposition ^. 15l (ii) and Proposition l4.6l (iv). we can assume that (a, 6) is prim- 
itive. By Proposition 12.171 (ii). after taking En ®E Nk —, the regulator in question is 
identified with the product of the regulators of Theorem l4.14l for the places of Kn over v, 
under which e^' fc ' fc corresponds to e N b by Proposition |4j6](vii). □ 

Corollary 4.17. Suppose that N = 3, 4 or 6, and k C Q(C/v)- T/ien f/ie regulator map 

r@ (8>q R : H^Xn, Q(2)) z ®qK^ fl|(Jfw,B, R(2)) 

M surjective. 
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Proof. Since Q(/ijv) is imaginary quadratic, the surjectivity for -Xjv.q^jv) (resp. Xn,q) 
follows from Corollary |4.15l (resp. Corollary 14. 161 >. □ 

Remark 4.18. If N = 3, 4 or 6, then the motive X [ £' b](1 is isomorphic to h}(E), where 
E is an elliptic curve over Q with complex multiplication by the integer ring of Q(/Xjv). 
Therefore, the surjectivity was already known |]4), lITOl (see also ||9l). 

4.8. Calculation of the regulators. We calculate the regulator of e^ b and prove the for- 
mula of Theorem l4.14l First, since 

dlog(l = log(l-y) = -£^ 



we have: 



dlog(l-z)log(l-y) = ]T -x m V n -= E ~"7 n+N - 

1 — ; n x * — ' n 

m,n>l ?n,n>l 

Lemma 4.19. For a, b G Z, we /zave modulo exact forms 

(f + ±i + jp a N +Ni < b+N i ee (^,i)(±j)^ b . 

Proof. First, since 

j( a b\ a b^X , a a b^ x r a+N b-N^X 

a(x y ) = ax y h ox y — — ax y ox y — , 

x y x x 

we have au a / +N = bu a + N ' b . On the other hand, 

a+N.b a/i N\ b~N^ X a,b a.b+N 

From these we obtain 

/ . r\ a+N,b a.b / , i\ a.b+N i a.b 

(a + b)uJ N =auj N , (a + bjui^ =OL)jj. 
By using these formulae repeatedly, we obtain the result. □ 



Remark 4.20. This relation reflects, and is in fact equivalent to, the relation of Beta values: 

which follows from the well-known relations 

(4.13) B(a,(3) = ^^§- , r(a + l) = ar(a). 

r(a + p) 
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Using the above lemma, we obtain: 

dlog(l - x) log(l - y) 

- E - 



m.n 

m + n 

m,n>l 



E E 



a + Ni + b + Nj 

l<a.b<NiJ>0 ■' 



a+Ni,b+Nj 
J N 



N E E 



a , b 



l<a,b<Ni,j>0 {N'N' 'J' ) 

TV 2 2^ rf". i A _|_ 1) 2^ (.a _i_ A _i_ I j _i_ ,'1 UJN 

l<a,b<N \ N N ' i,j>0 (N ^ N ^ J' 

= E ^(^' 17 ) U N ■ 

l<a : b<N 

We apply Proposition 14. 1 1 for / = 1 — y, g = 1 — x; note that ejy = — {/, .<?}■ We can 
start our cycles (1 — g 7 ^ )(1 — <7^ s )<5/v from P = (0, 1), so that the second term of the 
formula vanishes. (More precisely, we modify slightly the cycle so that it is contained in 
the region \y\ < 1, and does not pass through the singularities of / and g.) 

Now we calculate the first term of the formula. First, since u> a ^ , uj n ' are exact forms, 
they have trivial periods. Secondly, let a + b = N. Then uj^f, only having logarith- 
mic singularities along Zjv(C), is a well-defined element of iJ 1 (f/jv(C), C). Our cycles 
g^lN are already defined on Un(C), and the formula ( 14.121 i holds also in this case. Since 

F(h7r)=* , (h%)> and 



L 



(~.a,b , ~b,a\ _ >o(t— a) , ^a(s-r) 
[U N + U N I - Cjv +C, N 



JN 



is a real number, these terms do not contribute to the regulator. 
Therefore, for a cycle 7' £ Hi(Xn !T (C), Q), we obtained: 



\(a,h)G/ N J7 ' / 



(414) =-0^2 E ^ 



(a,fc)e/jv j t' 



~~9^2 r l~2V ' TV J - b ("AT' T^J J / W W,r- 

(a,h)e/„ 

Apply this to 7' = p^ b jN,T- By the adjointness 



a, 6 — c.rf 



and Proposition 14.1 II we obtain the formula of Theorem 14.141 We are left to show that 
c a ! f v is invertible, which will be done in the next subsection. 
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Corollary 4.21. Let N = 3, 4, or 6, (a, b) £ In, and assume the Beilinson conjecture 
( Coniecture \4.2\l for 6 . Then it follows 



L(f N \ 2) ee nL*(.f N \ 0) ee sin f (f(M, f ) - F( <#)) 



modulo ( 



Proof. The first equivalence follows from Remark [3.101 Corollarv l3.13| and Remark [3.14| 
We calculate the regulator of ejy 6 ' . The target of the regulator is 

H X (X N (C),®(1))+ = Hom(i/ 1 (X A ,(C),Q)-,Q(l)). 

Since F^Sn = d N , we have F^^Ar = g N r '~ s 5 N , F^jn = 7^, and hence F^g^^N = 
g^ r '~ s jN- By Proposition |4.9l (i). Hx(Xpf(C), Q)~ is generated by 

{(5^ S - g^'l^N I (r,s) e G N }. 
Since the only non-primitive case is N = 6, [a, 6]q = [2, 2]q, which reduces to N = 3, 
[a, 6]q = [1, 1]q, we can assume that (a, b) is primitive. Choose (r, s) such that ar + 6s = 
1. Then it follows that Hi (X^' bl (C) , Q) " is a one-dimensional Q-module generated by 

[a,6]o [ a Mo/ r.s —r. — s\ / ^ /-—lw a, b —a, — b\ 

Tn : =Pn K9n ~9n ' HN = (6v -Cjv )(PiV ' )7JV- 

Therefore, by (14 . 1 4t we have 

^(e£*)( 7 jv % ) = -jpfa ~ f ) " , 

hence the second equivalence follows. □ 
Remark 4.22. Some cases of the corollary are proved unconditionally (with the rational 

'N 



factor determined) in ll22l by comparing our element e^' h ' Q with Bloch's element |@] for 



an elliptic curve with complex multiplication. 

4.9. Hypergeometric functions and the end of the proof. We introduce Appell's hyper- 
geometric function F3, and finish the proof of Theorem l4.14l 

First, let us recall some properties of the classical hypergeometric series of Gauss 

where 7 g {0, -1, -2, . . .}. 

Proposition 4.23 (cf. Ifl9l ). 

(i) F(a, (3, 7; x) converges absolutely for \x\ < 1. 

(ii) If \x\ < 1 andKe^) > Re(a) > 0, then we have: 

F(a,l3,r,x)= -, ^ ( , 7) r / u<*-\l-uy- a - l {l-xu)-edu, 

where the integral is taken along the segment < u < 1, and the branches are 
determined by arg(u) = 0, arg(l — u) = and | arg(l — xu)\ < ir/2. 

(iii) If Rc(7 — a — (3) > 0, then F(a, (3, 7; x) converges ansolutely for \x\ = 1, and 
we have 

r(7 - a) J T(7 ~ P) 

As a function of a, (3 and 7, F(a, (3, 7; 1) is holomorphic in the domain Rc(7 — 
a-/?)>0,7£ {0,-1,-2,...}. 
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Appell's hypergeometric series F 3 (a, a' (3, /?', 7; x, y) of two variables is defined for 
70{O,-l,-2,...}by 

F 3 (a,a',p,p>, r ,*,y)= E (n ; m)(rf ;yy ^. 

^ n (7, m + «)( 1 ! "i)(l,n) 

m,n>0 

This satisfies the following properties: 

Proposition 4.24. 

(i) F 3 (a, a', j3, /?', 7; x, y) converges absolutely for \x\ < 1, \y\ < 1. 

(ii) 7jfRe(a) > 0, Re(a') > 0, ant/ Re(7 — a — a') > 0, fften we have: 



F 3 (a,a',f3,f3',j;x,y) 



r(a)r(a>)r(~f-a-a>) 
u a_1 (l - xit)^u Q '- 1 (l - 2/v) -/3 '(l -ti - u) 7- "-"'- 1 ^^, 

A 

w/zere A = {(u, v) u, v, 1 — u — v > 0}, ant/ f/ze branches of the integrands are 
chosen similarly as above. 
(iii) Suppose that Ke(j— a— (3) > andKe(j— a'— (3') > 0. Then, F 3 (a,a' , (3, (3' ,j;x,y) 
converges absolutely for \x\ = \y\ = 1. As a function of a, a', /3, /?' and 
7, ^(a, a', /3, (3 1 , 7; 1, 1) /s holomorphic in the domain: Re(7 — a — (3) > 0, 
Re( 7 - a' - 0') > 0, 7 ^ 0, -1, -2, . . .. 

Proof. We only prove (iii). See d, Ifl9| for the other statements. First, we have 

F 3 (a, a 1 , (3, /?', 7 ; a;, y) = E ( f ' "^f ' " } F(a, 0, 7 + n; 

^ (7, n)(l,n) 

Since Re(7 + n — a — (3) > 0, F(a, f3,j + n; x) converges absolutely for |x| = 1 by 
Proposition l4.23l Since |7 + n| > I7I for sufficiently large n, and then \^ + n + i\ > | 7 + i| 
for any i, the sum 

(a, m)(0, m) 



E 



o (7 + n,m)(l,m) 

is bounded independently of n, and the absolute convergence of F 3 follows from that of 
F(a' , f3', 7; y) for \y\ — 1, which follows from the assumption and Proposition |4.23l 

The holomorphicity follows by a similar argument as in the case of one variable using 
the fact that F 3 is a Newton series with respect to a, a', (3 and (3' ', and is a factorial series 
with respect to 7. □ 

Now, consider the special case 

F(a,(3;x,y) := F 3 (a, 0,l,l,a + (3 + l;x,y) = E {a,rn){l3,n) n ^ 

(a + p + 1, m + n) 

m,n>0 ' 

If Re(a), Re(/3) > 0, then by the above proposition, it converges absolutely for \x\, \y\ < 
1, and the integral representation takes the form 

F(a,0;x,y) = ^±^±p- [[ u a ~ l {l - xu^v^il - yv)~ l dudv. 

r(a)r(i3) jj a 

In particular, if we define (see Definition |4.13t 
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then we have 

(4.15) F(a,0)= II u a - l {l-u)' l v^ l {l-v)- l dudv. 



Proposition 4.25. Consider F(a, 0) as a function of positive real numbers a, [3. Then: 

(i) F(a, [3) is monotonously decreasing with respect to each parameter. 

(ii) Suppose that < a, (3 < 1. Then, F(a, (3) ^ F{1 — a, 1 — j3) if and only if 
a + 13^ 1. 

Proof, (i) is immediate from 14.1 51 To prove (ii), first assume that a + (3 < 1. Then we 
have 

F(a, (3) = F(0, a) > F(l -a,a)> F(l - a, 1 - 0). 

Similarly, if a + > 1, then F(a, 0) < F(l - a, 1 - 0). Finally, if a + (3 = 1, then we 
have F(a,0) = F(0, a) =F(l-a,l-0). □ 

Applying this proposition to a — (3 = the proof of Theorem |4.14| is com- 
pleted. 

Remark 4.26. We could also use Deligne's description of the regulator (cf. ifTBI (24|), 
which uses Chen's iterated integral. For a path 7: [0, 1] — ► X and differential forms uj, 77, 
we define 

^■■= I (J 7*^)) 7**?(*)- 
Roughly speaking, the regulator map sends {/, g} to 



71 — >ilm\^j dlogfdlogg 

In this way, one finds more directly the integral ( I4.151 l. Note that the iterated integral is a 
double integral over the region < s, t, t — s < 1, which is transformed to A by u = s, 
v = l-t. 

4. 10. Variants. We discuss some variants which involve special values of hypergeometric 
functions of one variable (cf. [34|) 

,ot p J\ _ ^ (c*i,n) • • • (a p ,n) ^ n 



0ir" ,Pq J ^ o (0i,n)---(0 q ,n)(l,n) 



It converges absolutely for \x\ < 1, and converges at x = 1 if 

q p 

3=1 »=i 



The integral representation of 3F2 (cf. [34], 4.1) is written as follows: 

,'a,6,c \ r(d)r(e 
3-^2 I , \x I = 



d,e ' J r(a)r{d-a)r(c)r(e-c) 

u a -\l - a;u)- b (l - u(l - u)- 1 ) d -°-V- c - 1 (l - u) c ~ a_1 <fetcft;. 



A 
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By comparing with Proposition l4.24l (ii). we obtain 

Fs(a, ol , j3, /?', a + a' + 1; ar, 1) 

_ r(a + a' + l)r(q - /3' + 1) / a,/3,a-/3'+l 

~ r(a + l)r(a + a' - /3' + if 2 \a + 1, a + a' - 0' + 1 ' X 

In particular, we have 

F(a P)= l - na)m , F J 1 
{ ,P) a r(a + (3) 3 2 \a + l,a + /3' 



By using Dixon's formula (cf. [34|, 2.3.3) 

fa,b,c \ r(d)r(e)r(s) (&- a, f - a, s 

3 2 \d,e ' y r(a)r(6 + s)r(c+s) 3 2 ^ 6 + s,c + s ' 

where s = <i + e — a — b — c, repeatedly, we obtain three other expressions. In particular, 
we have 

(4,6) n«,m = (^^)\F,h^ + > > - 1 -, l 

\ Via + p) ) \ a + p,a + p 



which is symmetric and has better convergence. 

On the other hand, Ross [26 1 and Kimura [18] also studied the element 



{1 - xy, x} = -{1 - xy, y} £ H^(X N , 

(the tame symbols vanish). We explain that its study is in fact equivalent to the study of 
e^' 1 ^, or equivalently, of e]^ 1 . Let the curve C 1 ^ 1 and the morphism of degree N 

i>: X N — > C^ 1 

be as in Remark 12.131 The automorphism group (over Kn) of Xn /C]f is {g^ r \ r G 
Z/7VZ}. One sees easily 

{1 - xy,x} = ~ v,u}. 

As Yasuda pointed out to the author, we can prove that 
(4.17) ip*eN — 3{1 — v , u} — 3V>*{1 — xy, x} 

in H*g{C)f, Q(2)) z . Therefore, we have 

, 1 , 1 /v- 

9n e N- 



Since 



3{1 - xy > x} = ^* e " = jf (T, r&/NZ 9T r ) 

Er.—r a,b 
9n Pn = 



if a = b, 
otherwise, 



we obtain 

(4-18) 3 { i-* y ,4=(£ aez _prW 



In particular, the regulator of { 1 — xy, x} is calculated by the regulators of e^ a , which then 
reduces to the study of e]^} for some N'\N. 
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If we apply a similar calculation as for to {1 — xy, x}, we obtain similar results as 
Theorem |4. 141 and its corollaries for X^j a and X^'^ k . Then we encounter with another 
generalized hypergeometric function of one variable, namely, 



G(a , A7;l)i=E ^ft5) x . 



n>0 

and its special value 

d ^ P) : = rf^fn ^' 0. « + + 1; !)• 
1 [a + p + 1 j 

In fact, it is again a special case of 3 F 2 : 

(4.19) G(a,P, r ,x)= 3 F 2 (^'^^y 

We remark that it converges for |a;| < 4, and x = 1 is not on the boundary. By (14.18b and 
the comparison of the regulators, we obtain: 

p({a) {<*) \ _ p( (-a) (-a) \ _ o ( f< ( j£> <£h _ r ( iz^L kzA\\ 
c \ N ' N ) c \ N ' N ) ~ ° \y\ N i N I u l JV ' N ) J 

for any a ^ 0. It follows that 

F(a, a) - F(l - a, 1 - a) = 3 ( G(a, a) -G(l-a,l-a)' 



for any a G C with < Re(a) < 1, for the both sides are holomorphic with respect to a. 
It seems that 

(4.20) F{a,a) =3G{a,a) 

for any a G C with Re(a) > 0, but F(a, /?) ^ 3G(a, /3) in general. By d4~T6b and (f4~T9b . 
( 14.20b is equivalent to: 

r(a) 2 ( a, a, 2a — 1 \ 3 / a, a, 1 



r(2a) 3r2 ^ 2a, 2a ' 1 J 2a ^ {a + |, a + 1 ' 4 
The author does not know if such a relation is known to the experts. 

Remark 4.27. We could also study the element {1 — x r y s , x}, though its tame symbols 
do not vanish in general. Then, the hypergeometric function involved should be 

Z> (7. (»• + *)») 

which is also written as p F q f^'^ ; with p = q+ l= r + s + l, suitable o^, f3j 
and R > 1. 

4.11. Action of the symmetric group. The Fermat curve has another symmetry, namely, 
the action of the symmetric group. Using this, we construct more elements in motivic 
cohomology. 

Let us suppose for simplicity that N is odd, so that the equation ( 12.31 ) of X^ is written 

as: 

^+^ + (- Zo )" = . 
The symmetric group S3 of degree 3 acts on Xm as permutations on the set {xo, yo, —zq}. 
Since 

(1 2)*eN = {1 — y,l — x} = -ejv, 
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we do not get a new element by (1 2). The quotient of 53 by the subgroup generated by 
(1 2) is represented by (1), (1 3) and (2 3). 
For (a, b) £ Gn, put 

c = -a- be Z/NZ, 



and use redundant notations with index (a, b, c) instead of (a, 6), such as p^f' c — p^ b 

e N — e N ■ 

Definition 4.28. Define elements of H^[X% b , Q(2)) z by 

a,b,c a.b.c a,b,c a.fc,C/--, \* a,6,c a,fe,c/rj o\* 

e (l)' = e iV i e (13) = -PjV I 1 •JJ e N.K N , e (2Z) — Pn \ Z 6 > e N,K N , 

where we put ejv,^ = ^K N /k e ^- 

Lemma 4.29. In End^ fjv Ejy (X NiKn ), we have 

a.b.c / -t o\* (a o\* c.b.a a,b,c o\* /'o o\* a.c.b 

Pn ° C 1 3 ) = (! 3 ) °2>jv > Pjv ° (2 3) =(2 3) op^ . 
froo/ Since (1 3) o g r ^ s = g^ r ^ r+s ° (1 3) in we have 

iV 2 ^ b < c o (1 3)* = ]T efig^y 1 ^ o (1 3)* 

= (1 3)* o £ ^V"i V = (1 3)* o £ 6f{ 9 -/^' +s ')-'g^ s ' 

r,s r' .s' 

= (1 3)* o £ ^V''*')- 1 ^ 8 ' = ^ 2 (1 3)* °^ a . 

The other one is parallel. □ 
Put t]n — G C*, and a polynomial 

$ W (T) = T— - T— . 
Obviously, <^n(Vn) G * and <J>at(V) = -$ N (ri%). 

Lemma 4.30. Lef (a, 6) G Jjv one/ ^jv '° = ^7v b G /f 1 (Xjv(C), C) fee as defined in 
(14. lit . 77zen we /jave: 

,a /r> q\* — a,o,c _ 



(13) cj^ =- > (2 3) a; 



Proof. We only prove the first one. First, assume that (a) + (b) < N, i.e. (a) + (b) + (c) = 
N. Then we have 



fix 



(_l)W X W-<a>-(6> y <6)-iV^ = (.^{^ 



X 



By d4.13t and the well-known relation 

r(a)r{l-a) = ^—, 
sin 7ra 

we have 

g(gffl r(ff)r(ff) _ r(i-ffi)r(ff) _ Binff,r 
r(#)r(#) r(<^) r(M)r(i-M) sin M/ 
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Since (— 1)'°' sin -jj-n = — lm(ri N 2 ) , we obtain the formula. The case (a) + {b) > N 
is reduced to the first case using 



/-i o\* — fi.b /1 o\* — fi.b /-i o\* a, — b — c.b c.—b 

Coo(l 3) UJjj = (1 3) CooW^ = (13) UJ N ' , CocUlj^ = UJ 



N 



□ 



Definition 4.31. For a, b 6 Z/7VZ, and an infinite place w of .Kjv, define rjy ^ 6 R by 

for each a: En c — > C, where ft, G -Hat is such that t(£at)' 1 = c(£at) f° r r: -^JV ^ C 
inducing v. It does not depend on the choice of t. 

Proposition 4.32. Let N be odd and the notations be as in Theorem \4.14\ Then we have 

I a.b,c\ c/a c,b,a \a,b,c r a,b,c\ c/b a,c,b\a,b,c 

T&,v\e(i 3 )J — r N,v C N,v A N,v ' r ®M e (2 3)> ~ T N,v C N,v A N,v • 

Proof. We only prove the first one. By Lemma |4.29| and Theorem l4.141 we have 

rg,v{p N ,c (l 3)*e A r i K JV ) = r#,„((l 3)*p N ' a e N ,K N ) 

/i o\* / c.b, a \ c.b.a/-, o\* \c b a c.b, a c/a \ab c 

= (1 3) r 9 ,v(PN ' e N .K N ) = c N j v (1 3) \ c v ' < = c^; r^A? ' , 
where the last equality follows from Proposition ^. 1 H and Lemma l4.30l 

□ 

4.12. Examples. Now we study two particular cases N = 5 and 7 with k = Q. Then, for 

any (a, b) G In, 



N 



is conjectured to be 2 and 3, respectively. 
For brevity, we put for (a, 6) £ In 



Note that 



p a,b,c _ p({a)_ <b>\ _ p( (-a) (-6) ' 
2 AT ~~ * \ N > N J \ iV ' AT / 



77ia,b,c r — a,— — c r^a.^c 7^6, a, c 

JV - ~^AT ' Af AT 



By Proposition |4~25l F^ fc ' c > if and only if (a) + (6) < N. Moreover, F N ' b ' c is 
monotonously decreasing with respect to each (a) and (b). 

Theorem 4.33. Suppose that k C Q(/is). 77ien f/ie regulator map 

ffi(X5,Q(2)) z ® Q l-^ ff|(X 5 , R ,R(2)) 

is surjective. 

Proof. It suffices to prove the surjectivity for X£' b for any (a, b) E I5. Since the surjectiv- 
ity depdnds only on the class [a, b]q, it suffices to prove it for (a, b) = (1, 1), (1, 2), and 
(2,1). ' ' 

For an embedding <r: E 5 ^ C, define ti, r 2 : if 5 C by ri(Cs) = c(£ 5 ), r 2 (C5) 2 = 
cr(£g), and let Uj be the infinite place of K5 induced by Tj. By Theorem l4. 141 and Proposi- 
tion |432] we have 



/ / a,6.c\ / a.6,c\ \ 1 / -.a.b.c 

[roj(e {1) ) a r®(e ( i ' 3) ) a J = - j-^t (A 5 ;„i 



\ a,6.c \ a,b,c 
A 5,v 2 I A 



42 



NORIYUKI OTSUBO 



with 



First, let (a, b, c) = (1, 1, 3). Then one calculates 

det^ 1 ' 1 - 3 ) = Vl-ris* x,x,z F x,2,2 + ^ - ^ ,3,1,1 f ,2,2,1 

Since Fg 1 ' 1 ' 3 , F 5 1,2 ' 2 , F 3 ' 1 ' 1 , F 2 ' 2 ' 1 > 0, it follows that det^ 1 ' 1 ' 3 ) > 0. 
Secondly, if (a, 6, c) = (1, 2, 2), then 

det^l.2,2) = _ vt~V5 2 1,2,2 p ,4,4,2 _ ^ S~ q 5 ~* 2,2,1^2,4,4 

% - % »?S - % 

2—9 — 1 

_ % ~ % pi, 2, 2 p l, 1,3 , ^5 - % p2,2,l p3,l,l 
— -I r 5 r 5 + 2 -2^5 r 5 

= det^ 1 ' 1 ' 3 ) > 0. 

Finally, by the symmetry, the remaining case (a, b, c) — (2, 1, 2) is proved by using 

a,b,c . j c a.b,c , — , 
e (2 3) lnSteaC l °f e (i 3) ■ O 

By a more precise argument similar to the proof of Corollary 14. 211 we obtain: 

Corollary 4.34. Let (a, b) G 1$ and assume the Beilinson conjecture ( Coniecture \4.2\l for 

x| a,b ' Q G ^#q. 77ie« it follows that 

sin 4r sin -r L 

5 5 



Proo/ Just note that a basis of H x (X l 5 a ' b]q (C) , Q) ~ is given by 

lie f—l\l a -b —a,—b\ . 1 f2 , — 2w 2a, 26 -2a, — 2b\\ 

)(P5 -P5 ) + (4-C 5 )(>5 "PS ))75, 

^/«"-2 /• — 2\i a, 6 — a, — b\ />■ , — lw 2a, 2b — 2a, — 2b\\ 
(fe-C 5 )(P5 "PS )-(6i-£ 5 )(P 5 -P 5 )J75- 



□ 



Remark 4.35. Kimura |fT8l studies the curve C5' 1 (see Remarking over Q, which is 
equivalent to the study of X^' 1 ^ G ^ 
the determinant of the regulators of 



equivalent to the study of Xg 1 ' 1 ' G ^#q, or to Xg' 1 G ^k$.e 5 - He computes numerically 



f I - x 

a = ip*{l-xy,x}, /3 = ip* < x + y, 

I y 

and showed that it is non-trivial. By ( 14.17| > and 

(1 3)*e N = (1 3)* ( — , 1^1 = f 1^, x + , J, 



where the first equality follows from {1 — x,x} = {y,l — y} = and N 2 {x,y} 

1,1 A 1,1 

ande (13)' 



{x N , y N } = 0, his study corresponds to the study of our e,U. and e) 
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Proposition 4.36. Let N = 7, (a, b) £ I-j and suppose that k C 
map 



■). Then the regulator 



tt2 ( Y [a,b\i 



ff|(4^,R(2)) 



is surjective if a, b and c are different to each other. Otherwise, the dimension of Im(r@) 
is at least 2. 

Proof. The surjectivity is equivalent to that for J°' , The regulators of e^' c , e?| £ and 
e^ty are expressed by the matrix 



B" 



( 

F- 



g7fa£) pc,b,a 



2a, 26. 2c 



3a, 36, 3c 



$t(??t ) p2c.26,2a 



$ t(^? c ) p2a,2c,2b 



$r(lf) T-,3c,36,3a 
— — r, 



77 ^ 

*7(r/? c ) ci3a,3c,3b 
1^7 



7 *7(rj? a )' t '7 $7(V?) J 

In the first case, we have [a, b}q = [1, 2]q or [2, 1]q, and by the symmetry, it suffices to 
treat (a, b, c) — (1, 2, 4). Then one calculates: 

det(B 1 ' 2 ' 4 ) = C{s 3 + t 3 + u 3 - 3stu) 

C , 



= —(s + t + u){(s-t) 2 + (t-u) 2 + (u- s) 2 } 



with 



iF; 



iF. 



3,6.5 



$ 7 (r/ 7 )' 



$7 fa?) 



a = i$ 7 (»7j)$r(»77)*r(»7r). 



Note that F 7 ' 2 ' 4 > Ff 4 ' 2 > F 2 ' 4 ' 1 > 0. Since s,u < < i, we have (s - t) 2 + (t 



u) + {u — s) 2 ^ 0. On the other hand, s + t + u =/= since 

i i 



u > 



F 2 ' 4 ' 1 = t. 



Hence we obtained det^-B 1 ' 2 ' 4 ) ^ 0. 

In the second case, we are reduced to consider (a,b,c) = (1, 1,5). Then we have 



/ a, 6 \ / a,o \ 

r ®( e (i 3)) = r @( e (2 3))- 



a . 6 



However, the minor matrix of B 



1,1,5 



F l,l,5 

77.2,2,3 
^7 



*7(rj 7 ) 7 
g7fa|) F 3,2,2 

'¥7(^)^ 7 



has non-trivial determinant since F- 



1,1,5 ei5,1,1 £12,2,3 F 3,2,2 



, i* 7 , i< 7 



> 0, and 



^fa?)*?^) -1 < < $ 7 (^)$ 7 (? 77 )- 1 . 



□ 



Similarly as Corollary 14. 2 1 1 and Corollary 14. 341 we obtain: 

Corollary 4.37. Let (a, b) s / 7 one/ assume that a, b and c are different to each other. If 
the Beilinson conjecture ( Coniecture \4.2\ holds for X^ a ' b ^ Q , then it follows that 

L(j*' b , 2) = ir 3 L*(#\ 0) = s 3 + t 3 + u 3 - 3stu 

modulo O*. where 
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Remark 4.38. As above, for any odd N > 5 and (a, b) 6 In, we can always find two of 
e li3) ! e (2 3) } wnose regulators are linearly independent. 
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